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P\J . Abstract. This paper is largely concerned with constructing coarse moduli spaces 

for Artin stacks. The main purpose of this paper is to introduce the notion of stability 
^ . on an arbitrary Artin stack and construct a coarse moduli space for the open substack 

of stable points. Also, we present an application to coherent cohomology of Artin 

^^ , stacks. 
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Introduction 

This paper is largely concerned with constructing coarse moduli spaces for Artin 
stacks. Roughly speaking, a coarse moduli space for an Artin stack X is the best 
approximation of X by an algebraic space whose underlying space coincides with that 
Q> i of X (see section 1). Coarse moduli spaces play the role of the bridge between the 

^ I geometry of Artin stacks and that of algebraic spaces and schemes. Even if we are 

ultimately interested in stacks, the existence of coarse moduli spaces is useful in various 

O 



situations. In their influential paper ([22]), Keel and Mori proved the existence of 

O ! a coarse moduli space for an Artin stack whose objects have finite automorphism 

groups. In particular, their theorem implies the existence of a coarse moduli space 

for a Deligne-Mumford stack under a weak assumption. Let us turn our attention to 

K> , arbitrary Artin stacks. There are many Artin stacks which have positive dimensional 

H [ automorphisms. For instance, such examples arise from group actions on algebraic 

spaces, moduli spaces of vector bundles and complexes on algebraic varieties, afiine 

geometry and so on. Hence it is desired to construct coarse moduli spaces for general 

Artin stacks. However, we can readily find Artin stacks which do not admit coarse 

moduli spaces. For example, the quotient stack [A^/Gm] arising from the natural action 

of the torus G^ C A^ on the afiine line A^ does not have a coarse moduli space. Thus 

to construct coarse moduli spaces, we need to impose some condition on Artin stacks. 

Let X be an algebraic scheme and G a reductive group acting on A. In his theory of 

Geometric Invariant Theory ([30]), Mumford defined the notion of (pre-)stable points 

on X and proved that the quotient of the open subset of (pre-) stable points by G 

exists as a geometric quotient. In terms of stacks, it says that the open substack of the 

quotient stack [A/G] associated to the open set of (pre-)stable points has a "coarse 

moduli scheme". 
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The main purpose of this paper is to introduce the notion of stabihty on an arbitrary 
Artin stack and to construct a coarse moduh space for the open substack of stable 
points. By the universahty of coarse moduh space its existence depends only upon 
the local properties of each point. In addition, one of the reasons why the theorem of 
Keel and Mori is useful, is that the finiteness of automorphisms is a local condition, 
and so it can be checked pointwisely. Likewise, if p is a point on an Artin stack X, 
then the stability (of the point p) introduced in this paper is defined by using local 
data around p. The central notion introduced in this paper is GIT-like p-stability (cf. 
Definition 15. ip . (The letter "p" stands for "pointwise" and "potential".) In its naive 
form, the first main result of this paper states the following: 

Theorem A. Let X he an Artin stack locally of finite type over a perfect field. Then 
GIT-like p-stable points form an open substack X^^ and there exists a coarse moduli 
map 

such that X is an algebraic space locally of finite type. If X' ^ X is a flat morphism 
of algebraic spaces, then the second projection X^^ ^xX' ^ X' is also a coarse moduli 
map. {See Theorem \5.1S\ for detail.) Moreover, the followings hold: for any point 
X & X , there exists an Stale neighborhood f/ — )■ X such that X^^ Xx U has the form 
[W/G] of a quotient stack, where W is affine over U and G is a linearly reductive 
group, {cf. Corollary \5.13[ ) 

Let us recall that in the case of Deligne-Mumford stacks the theorem of Keel and 
Mori implies a more precise and fruitful correspondence: a Deligne-Mumford stack X 
has finite inertia stack, i.e. every object in X has a finite automorphism group scheme 
if and only if the following conditions hold: (i) X has a coarse moduli space X and 
the formation of coarse moduli space commutes with fiat base change X' — )■ X, and 
(ii) for any point on X there exists an etale neighborhood f/ — )■ X such that X Xx U 
has the form [^/G] of a quotient stack, where V is afiine over U and G is a finite 
group acting on V over U. In characteristic zero, our notion of GIT-like p-stability 
successfully generalizes this correspondence to Artin stacks: 

Theorem B. Let X be an Artin stack locally of finite type over a field of characteristic 
zero. Let X^'^ be the open substack of GIT-like p-stable points on X . Then X^^ coincides 
with X if and only if the following conditions hold: 

(i) X has a coarse moduli space X and the formation of coarse moduli space com- 
mutes with flat base change X' — )■ X, 
(ii) for any point on X there exists an etale neighborhood f/ — )■ X such that X XxU 
has the form [V/G] of a quotient stack, where V is affine over U and G is a 
reductive group acting on V. 
{See Theorem \6.9\ for the precise statement.) 

It is worth mentioning that in characteristic zero the definition of GIT-like p-stability 
is a natural generalization of the finiteness of automorphism groups, and it is described 
by the reductive condition on the automorphism group (cf. (a) in Definition 15. ip and 
the conditions (a), (b), (c) in Remark 15.21 (iii) (see also Remark 15. 16p . In the Deligne- 
Mumford case, the existence of coarse moduli space and the etale local quotient struc- 
ture have played an important role. For example, Toen's Riemann-Roch theorem for 
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Deligne-Mumford stacks ([37]) relies on them, and Gromov-Witten theory of Dehgne- 
Mumford stacks ([T]) requires them. Similarly, in our general situation coarse moduli 
spaces and the etale local quotient structures are quite useful. Indeed we present 
applications of Theorem A and B to coherent cohomology (see section 7). 

As an example of our situation, our existence theorem contains the case of Geo- 
metric Invariant Theory. Namely, the relationship with Geometric Invariant Theory is 
described as follows: 

Theorem C. Let X be a scheme of locally finite type and separated over an alge- 
braically closed field k of characteristic zero. Let G be a reductive group acting on 
X. Let X(Pre) be the open subset of X consisting of pre- stable points in the sense of 
Geometric Invariant Theory ([3U]). Let S be the maximal open substack of the quotient 
stack [X/G] such that S admits a coarse moduli space which is a scheme. Then we 
have 

[X{FTe)/G] = [X/G]^'nS. 
{See Theorem \6.1\ Remark lKM ) 

This paper is organized as follows. In section 1, we recall some basic facts and fix 
some notation. In section 2 and 3 we present preliminary notions and preparatory 
results. We define strong p-stability and prove the existence of coarse moduli spaces 
in the case of strongly p-stable case. In section 4, we introduce the method of defor- 
mations of coarse moduli spaces, which we apply in section 5. In section 5, we then 
introduce the notion of GIT-like p-stability, which is the main notion of this paper. 
By studying the local structure of a GIT-like p-stable point, we prove Theorem A. In 
section 6, we discuss the relationship with Geometric Invariant Theory due to Mum- 
ford (in characteristic zero). Namely, we prove Theorem C. From Theorem A and the 
comparison to Geometric Invariant Theory we deduce Theorem B. Finally, in section 7 
we present applications concerning coherent cohomology. In Appendix, for the reader's 
convenience we collect some results on limit arguments and rigidifications. 

Acknowledgements. I would like to thank H. Minamoto who helped me to prove 
some lemmas and S. Mori who asked me the properties of coarse moduli maps and it 
led me to section 7. I would like to express my graditude to J. Alper for his helpful 
comments and to the referee for valuable comments and suggestions. I would also like 
to acknowledge a great intellectual debt to the works of various authors, though it is 
difficult to fully acknowledge them here. Finally, I am supported by JSPS grant. 

1. Preliminaries 

We establish some notation, terminology and basic facts, which we will use in this 
paper. 

We refer to the book [25 as the general reference to the notion of algebraic stacks. 
We use henceforth the word "algebraic stack" instead of Artin stack. Similarly to this 
reference, in this paper except Appendix, all schemes, algebraic spaces, and algebraic 
stacks are assumed to be quasi-separated. Let S* be a scheme. For an algebraic stack 
p : X ^ S, the fiber X{U) over an S'-scheme U is the subcategory whose objects 
is objects that lies over U and whose morphisms are morphisms / where p{f) is the 
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identity of U. li U = Spec A we often write X{A) for X{U). For any ^'-scheme T and 
any ^,1] : X —> X, let 

Isoniy ^(£,77) : (X-schemes) — )■ (sets) 

be the functor which to any f : V ^ T associates the set of (iso)niorphisms from /*^ 
to f*ri in X(y). Here we denote by f*C, G X(y) (resp. Z*?]) the pullback of ^ (resp. 
T]), that is, the image ^{V — )■ X) G A'(V^) (resp. rjiV — > T)). The functor Isom ^ y(^, r^) 
is naturally represented by the fiber product X X(^^^^)^xxsXA '^; where A is diagonal. 
In particular, it is an algebraic space separated and of finite type over T. If .^ = rj, 
then Isom y -p(£, rj) is a group algebraic space over X. In this case, we write Aut y y(£) 
for Isom y (£,£). If no confusion seems likely to arises, we abuse notation and write 
Isom (£, 1]) or Isoni yf^, rj) or Isom yf^, 7]) for Isom y y(£, 7]). If G is a flat group scheme 
of finite and separated over a scheme S, then BG denotes the classifying stack of 
principal G-bundles, that is, the quotient stack [S/G] associated to the trivial action. 

Let X be an algebraic stack over a scheme S. A coarse moduli map for X over 5* is a 
morphism tc : X ^ X from X to an algebraic space X over 5* such that the following 
conditions hold. 

(1) If K is an algebraically closed 5'-field, then the map vr induces a bijective map 
between the set of isomorphism classes of objects in X{K) and X{K). 

(2) The map vr is universal for maps from X to algebraic spaces over S. 

We shall refer to X as a coarse moduli space for X. 

Let us recall the theorem of Keel and Mori ([22]): Let X be an algebraic stack X 
locally of finite type over a locally noetherian scheme S. Assume that for any object 
^ G X{T) over an afiine S'-scheme T the automorphism group Aut y -p(^) is finite over 
T. Then there exists a coarse moduli map 

TT-.X^X, 

where X is an algebraic space locally of finite type over S. Moreover, the natural 
homomorphism Ox — ^ t^*Ox is an isomorphism, and tt is quasi-finite and proper. If 
X has finite diagonal, then X is separated over S. We shall henceforth refer to this 
theorem as Keel-Mori theorem. 

2. Strong p-stability 

First of all, recall the notion of effective versal deformations (see [H section 1], j2^ 
(10.11)]). Let X be an algebraic stack over a scheme S. Let K be an S-field, and let 
^0 £ J^i^)- An effective versal deformation of ^0 is an object ^ G X{A), where A is a 
complete local ring with residue field K, and ^ : Spec A -^ X which has the following 
lifting property: For any 2-commutative diagram of solid arrows 

Spec R/I ^ Spec A 

....■■■■■■■■" a 

Spec R ^ X 

where R is an artin local ring with residue field K, and / is a square zero ideal of R, 
there exists a dotted arrow filling in the diagram. 



STABLE POINTS ON ALGEBRAIC STACKS 5 

Proposition 2.1. Let S be a locally noetherian scheme and X an algebraic stack locally 
of finite type over S. Let p be a closed point on X in the sense of [M, (5.2)]. Then 
there exist a complete noetherian local S-ring A and an object C, G X{SpecA) that has 
properties: 

(1) The residue field K of A is of finite type over S, and the restriction C,k of ^ to 
K represents the point p. 

(2) ^ is an effective versal deformation of C,k- 

Proof. Let 3^p denote the reduced closed substack associated to the closed point p. 
Let f : X ^ X he a. smooth surjective morphism from a scheme X. Then /"^(J^p) is 
a closed subscheme of X. Take a closed point x G /~^(3^p). The residue field K{x) is 
of finite type over S, and Spec K{x) — )■ X represents p. Let Ox,x be the completion of 
the local ring at x. Then the induced morphism SpecOx,x — ?■ Af is formally smooth 
at the closed point x. Namely, Spec Ox,x — ^ X has the lifting property depicted above 
(see the definition of effective versal deformations). Thus, it gives rise to a desired 
effective versal deformation. □ 

We shall refer to an object ^ G X{SpecA) with properties (1), (2) in Proposition 12. II 
as an effective versal deformation on A for p. 

Lemma 2.2. Let S be an excellent scheme and X an algebraic stack locally of finite 
type over S . Let p be a closed point on X . Let A be a complete noetherian local S- 
ring with the maximal ideal m, and let an object ^ G A'(Specy4) be an effective versal 
deformation for p. Then there exist an affine S-scheme U , a closed point u on U , an 
isomorphism Ou,u — A, and a smooth morphism C, '■ U -^ X such that the restriction 
of E, to SpecC[/^u is isomorphic to ^ via Ou,u — ^■ 

Proof. In virtue of Artin's algebraization theorem ([8], [2ll (10.10), (10.11)], [TT]), 
there exist an affine S-scheme U, a closed point u on U, an isomorphism Ou,u — A, 
and a smooth morphism ^ : U —^ X such that the system {^„}„>o is isomorphic to 
{^n}n>o in lim A'(A/m""''^). Here ^„ (resp. ^„) denotes the restriction of ^ (resp. ^) 
to Spec A/m""*"^. Since X is an algebraic stack, thus there exists a natural equivalence 
X{A) = Mm. X {A/m"'^^) . Therefore the restriction of ^ to Spec Ouu is isomorphic to 
e ' □ 

Definition 2.3. Let S" be a excellent scheme and X an algebraic stack locally of finite 
type over S. A closed point p on Af is strongly p-stable if there exist a complete 
noetherian local S-ring whose residue field is of finite type over S and an effective 
versal deformation ^ G X{SpecA) for p, that has the following property (S): 

There exists a fiat normal closed subgroup J-" C Aut y ^f,^) whose quo- 
tient Aut y p(£)/J-" is finite over Spec A and the following compatibility 
condition (C) holds: Let /, g : Spec B — )■ Spec A be two morphisms of S- 
schemes such that their pullbacks /*^, g*^ are isomorphic to each other. 
Let Aut;t.^g(/*0 ^ A^xAO and Aut^^^^ig*^) -^ Aut;^^^(0 be the 
induced morphisms, and let J-/ C Aut y p(f*£) and J-'g C Ant ^ p(q*C) 
denote the pullbacks of J-" respectively. Then for any isomorphism f*^ — )■ 
g*$, the induced isomorphism Aut y p(f*£) — > Aut y b(q*^) gives rise to 
an isomorphism Tf -^ Tg. 
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For the sake of simplicity, we shall refer to an effective versal deformation ^ with 
property (S) as a strongly p-stable effective versal deformation. 



Remark 2.4. (i) To verify the condition (C) in Definition 12 .31 it suffices to check 

that there exists one isomorphism f*^ — ?■ g*^ inducing an isomorphism Aut y Bif*0 
Aut y 3(9*0 ^hat gives rise to J-/ — )■ J-^. Indeed, the difference of two isomor- 
phisms a, b : f*C, ^ g*^ is b~^ o a : f*C, — ?■ /*^. The automorphism b^^ o a : 
f*C, —7- /*^ gives rise to an inner automorphism Aut j^p(f*C) — )■ Aut j^p(f*C) 
and it induces an isomorphism J^f — )■ J^f because J-/ is normal in Aut y Bif*0- 
(ii) We will use the condition (C) also when we define GIT-like stability. Fortu- 
nately, in characteristic zero the condition (C) in GIT-like stability is vacant. 

Remark 2.5. Let Ti — )■ Spec A be a finite scheme over a complete local ring A. Let 
"H — )■ Spf A be the formal scheme obtained by completion with respect to m-adic 
topology, where m is the maximal ideal of A. Then 'H is finite over Spf A. However, 
the converse is not true. Namely, the finiteness of H — ?■ Spf A does not imply that 
7i — )■ Spec A is finite. To see this, assume that A is a complete discrete valuation ring 
with quotient field K. Then Spec K U Spec A — )■ Spec A is not finite. On the other 
hand, the associated formal scheme Spf A — )■ Spf A is finite. 

Remark 2.6. As noted in Introduction, the letter "p" in the term "p-stable" stands for 
pointwise and potential. It seems natural that a pointwise stability is defined by using 
the language of deformation theory. In fact, the notion of effective versal deformations 
plays "the role of the completions of local rings" on algebraic stacks. Put another 
way, we have Artin's criterion, which provides (only one) powerful and systematic 
method for verifying algebraicity of stacks (cf. [9]). This criterion is described in 
terms of deformation theory. Thus, our formulation fits in with Artin's representability 
criterion. (However, note that in this paper any algebraic stack is assumed to have 
quasi-compact and separated diagonal.) Hence we make an effort to describe our 
stability in terms of deformation theory. 

Example 2.7. To give a feeling for the stability introduced in Definition 12.31 let us 
give some typical examples. 

(1) Every closed point on schemes and algebraic spaces is strongly p-stable. Let 
X be an algebraic stack. Suppose that for any affine scheme Spec A and any 
object ^ G X{SpecA) the automorphism group space Auty.^(^) is finite over 
Spec A. Then every closed point on X is strongly p-stable. These examples are 
in the realm of Keel- Mori theorem. 

(2) Let X be an algebraic space and X an fppf gerbe over X, that is, any point 
X & X admits an fppf neighborhood U ^ X such that the pullback X Xx U is 
isomorphic to the classifying stack BuQ with some fppf group algebraic space 
Q over U. Then every closed point on X is strongly p-stable. 

(3) Let X be a reduced scheme of finite type and separated over the complex number 
field C Let G be a reductive algebraic group over C, that acts on X. Let x be 
a closed point on X. Suppose that x is pre-stable in the sense of ^30] Definition 
1.7]. Then the image of x in the quotient stack [X/G] is strongly p-stable (we 
will see this in section 6 in a more refined and generalized form). 

(4) Let X be a projective scheme over a field k. Let G be an algebraic group over k. 
Let 53unG be a moduli stack of principal G-bundles on X. Let P be a G-bundle 
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on X. This stack 05 uric is algebraic (see for example [HI section 1]). Note that 
for every G-bundle V over T, the automorphism group scheme Aut^^„^^('P) 
contains Cent(G') XkT, where Cent{G) is the center of G. Suppose that there 
exists an effective versal deformation ^ G J^{A) for P such that Aut fR„^„ 4(£) 
is finite modulo Cent(G') x^ A. Then the point corresponding to P is strongly 
p-stable. 

3. Coarse moduli space (strongly p-stable case) 
The main purpose of this section is to prove 

Theorem 3.1. Let S be an excellent scheme. Let X he an algebraic stack locally of 
finite type over S . Then strongly p-stable points on X form an open substack X'^^ , and 
there exists a coarse moduli map 

Tx: X'^ — y X, 

such that X is an algebraic space locally of finite type over S . Furthermore, the mor- 
phism IT is a quasi-finite and universally closed morphism and induces an isomorphism 
Ox — ^ 'n':^Ox- If X' ^ X is a flat morphism of algebraic spaces, then X'^^ x x X' ^ X' 
is also a coarse moduli map. 

Let IX be the inertia stack of X . For an S'-scheme Y ., IX{Y) consists of pairs 
(a, cr), where a G X{Y), and a is an automorphism of a in X{Y). A morphism 
(a, a) — )■ (a', a') in IX{Y) is a morphism / : a — )■ a' in X{Y) such that a' o f = f o a . 
There is a natural forgetting representable morphism IX — > X sending (a, cr) to a. 
It is isomorphic to the fiber product X y<A,xxsX,A '^, where AiA:"— 7'A'x5A:'is 
a diagonal morphism. The forgetting morphism IX — )■ A* is isomorphic to the first 
projection pr^ : X y<A,A:xsX,A X ^ X . Thus, the morphism IX — > Af is of finite type 
and separated. 

Let P : U ^ X he a, smooth morphism from an affine S-scheme U . Let rj G X[U) be 
the object corresponding to P. Let Aut y ^(r^) — )■ [/ be the group algebraic space of the 
automorphism group of rj. We have the natural isomorphism Auty ^{r|) -^ U Xx IX 
over U . 

Consider the following contravariant functor 

F : (affine [/-schemes) — )■ (Sets) 

which to any f : Y ^ U associates the set of normal closed subgroup spaces J-" C 
Aut y y(.f*r7) over Y, which have following properties (i), (ii), (iii): 

(i) J-" is fiat over Y. 
(ii) Aut y y(/*r7)/J^ is finite over Y. 

(iii) If pr^^, prg : Aut y Y{f*v) ^ix Aut y y (/*//) =^ Aut y y (/*//) are the natural pro- 
jections, then prj^^(J^) = pr2"^(J^). 

Proposition 3.2. The functor F is locally of finite presentation, that is to say, for 
any inductive system 

A = hm Ax 
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of finitely presented U -rings {cf. [291 Appendix A], [6l section 1]), the natural map 

n : limF(Specy4A) -> F(Speclim Aa) 

is an isomorphism. 

Proof. It follows from the uniqueness part of Theorem I A . 1 1 that 11 is injective. Next, 
we prove that 11 is surjective. Let fx : Spec Ax ^ U he the morphism associated to a 
[/-ring Ax- Let C, G X{SpecA) be the object corresponding to the composite Spec A — )■ 
[/ — 7- A*. Let J^ — )■ Spec A be a closed group subspace in Aut y ^(,^) — t- Spec A, that has 
properties (i), (ii) and (iii). By Theorem lA.lt there exist a G / and a closed subspace 
J-Q C Aut y AaifaV) which induces J-" in Aut y ^(0- ^^ addition, by Proposition [A]6] and 
Proposition IA.3I we may assume that J^q is a normal subgroup space that is flat over 
Spec^Q,. Consider the quotient Aut y 4^ ( f*rj)/J^ry It is an (quasi-separated) algebraic 
space of finite presentation over Sa by [24, (10.13.1)]. Since Aut y ^(0/-^ is finite over 
SpecA, by Proposition IA.3I there exists an arrow a — )■ /i such that Aut y 4 (/^^)/^/i 
is finite over SpecA^, where J-"^ = J^a XAq Afj_. This means that II is surjective. □ 

Proof of Theorem \3.1\ Let p be a strongly p-stable closed point. Let A be a complete 
noetherian local ring A whose residue field is of finite type over S", and let ^ G A' (Spec A) 
be a strongly p-stable effective versal deformation on A for p. By Lemma 12. 2[ we may 
assume that there exist an affine S-scheme f/, a smooth morphism P :[/—)■ A", and a 
closed point u such that Ou,u = A and the restriction of P to Spec Ou,u is ^. 

Let F be the functor defined above. Observe that F(Spec A) is nonempty. Indeed, 
^ G A'(SpecA) has the property (S) in Definition 12. 3[ thus there exists a flat normal 
closed subgroup J-' C Aut y ^(^) with property (S) in Definition 12.31 Clearly, it satisfies 
the above conditions (i), (ii). It suffices to check (iii). Note that for any affine S'-scheme 
V, the set Aut_y^(^) X/;y Aut_y ^(^)(V^) consists of quintuples 

{f,g:V^ Spec A : A ^ f*^, i^--9*i^ 9*^, ^ : ^ ^ 9*0 

where f*C, and g*C, are the pullbacks of ^ by / and g respectively and ip = o"o0ocr^^. The 
first (resp. second) projection pr;^,pr2 : Aut_y^(^) Xt^ Aut y 4(£)(V") — > Aut y 4(^1 (V^) 
sends {f,g,(f),tjj,a) to (/, 0) (resp. {g,ijj)). Therefore pr|f^(J^) (resp. pr2"^(J^)) consists 
of quintuples 

{f,g:V^ Spec A, : /*e ^ f*t i^ : 9*^ ^ 9*^, ^ : ^ "^ 9*0 

such that (j) & J^ (resp. ■?/' G J-"). Thus to prove pi^^i^J') = pr2""'^(J^) it suffices to prove 
the following: Let f,g:V^ Spec A be two morphisms, and let : /*^ ^ f*^ be 
an automorphism which lies in J-'(/ : V — )■ Spec A). Assume that f*^ is isomorphic 
to g*^. Then for any isomorphism a : f*^ — )■ g*^, the composite a o (p o a~^ lies in 
J^{g : V — 7- SpecA). We can check it by using the condition (C) in Definition 12.31 
Indeed, for an isomorphism a : f*C, — )■ g*C,, the induced isomorphism 

Aut;,,^(rO^Aut;,,v-(/0 

sends (f) to aocpoa^^. Therefore the condition (C) in Definition 12 . 3 1 implies pTi^{J-') = 
pr2"^(J^). Hence F(SpecA) is nonempty. 

By the algebraic approximation theorem [7, (2.2)] and Proposition 13. 2[ there exists 
an etale [/-scheme W ^ U such that F{W) is nonempty. Then the composite C : 
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ly — 7- f/ — 7- A* is a smooth morphism. Let l G A:'(iy) be the object corresponding to 
W ^ X . Then there exists the natural cartesian diagram 



w ^X. 

Since F{W) is nonempty, there exists a normal closed subgroup J-'t C Aut y ^Al) with 
properties (i), (ii), (iii). Let y be the image oiW ^ X . It is an open substack of X . 
Then the closed subspace J-'t descends to a closed substack J^ C ly that is flat over 
y . Here we claim that J-" is a subgroup in ly, more precisely, J-" is stable under the 
multiplication m : ly Xy ly — )■ ly, the inverse i : ly — )■ ly, and the unit section 
e : 3^ — !■ ly. To see m(J^ ^y -^) C J-", consider the 2-commutative diagram 

Auty ,y(6) Xw Auty ,yf^) *- Aut;(. ^y (i) 



(h,/l) 



?l 



/3^ xy /3^ "^ ly 

where the upper horizontal arrow is the multiplication of Aut y wi'^)- Since the inverse 
image (/i, h)''^{J^ XyJ^) equals to F^ Xy^ J^^^ the morphism J^^ ^w ^i ~^ ^l descends to 
T Xy T ^ T . In a similar way, we can easily see that T is stable under % : ly — )■ ly . 
Since the unit section W — )■ Aut y ^^{i) factors through T^, thus the composite L : W ^ 

Aut;j.^^(i) — 7- ly factors through J^. Note that L is isomorphic to W ^ y ^ ly. 
Since W ^ y is essentially surjective, we conclude that e : 3^ — )■ ly factors through 
J^. Hence J-" is a subgroup of ly. 

By Proposition I2.H for any closed point y on y there exist a complete noether- 
ian local S'-ring B whose residue field is of finite type over S and an effective versal 
deformation ( G y{B) for y. Then J^ gives rise to a normal closed subgroup space 
in Auty ^{() with properties (i), (ii), (iii). Thus every closed point on y is strongly 
p-stable. 

By Theorem IA.71 there exists an fppf gerbe p '■ y ^ y' such that for any affine S- 
scheme V and any object a G y{V) the homomorphism Aut j? y{a) — )■ Ant yt y( p(a)) is 
surjective and its kernel is J-" Xy^V C Aut j, y{a). Since Aut y y(a)/(J-' x^^^ V) is finite 
for any a G X{V), thus the inertia stack ly' is finite over y'. By Keel- Mori theorem 
and Theorem IA.71 there exists a coarse moduli maps y' — )■ Y', and the composite 
morphism 3^ — ?■ 3^' — )■ F' is also a coarse moduli map. Also, note that 3^ —t- 3^' is a 
quasi-finite and universally closed morphism by (iii) in Theorem IA.71 Thus, y ^ Y 
is so since 3^ — )■ F is proper and quasi-finite. Hence for any strongly p-stable closed 
point X on rY, there exists an open substack U G X containing x, such that every 
closed point on U is strongly p-stable, and it has a coarse moduli map. Therefore 
strongly p-stable points form an open substack X^. Using the universality of coarse 
moduli space, we conclude that X^^ has a coarse moduli space X, that is an algebraic 
space locally of finite type over S. Moreover, the coarse moduli map vr : A**** — )■ X is 
quasi-finite and universally closed. To see that Ox — ^ 7^*0 x is an isomorphism, we 
may suppose that X is an affine scheme and vr : A" — > X is a composite morphism 
tt' o p : X ^ X' -^ X, where A" — )■ A"' is an fppf gerbe, A"' — > X is a coarse moduli map 
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such that Ox — ^ t^IOx' is an isomorphism. Then the natural morphism Ox' — ?• p*Ox 
induced by the fppf gerbe p : X ^ X' is a.n isomorphism. Hence Ox — ?■ tt^:Ox is an 
isomorphism. 

Finally, we will prove that for any flat morphism X' — )■ X of algebraic spaces, 
A''^* Xx X' — )■ X' is also a coarse moduli space. The claim is Zariski local on X. Thus, 
we may assume that A''^* — )■ X is divided into X'^* — > X'^* — )• X, where X'^* — )• X^^ is an 
fppf gerbe and the inertia stack of X'^^ is finite over X^ . Then X'^* x^X' — )• X'^* x^X' 
is an fppf gerbe and by Keel- Mori theorem X^^ Xx X' — t- X' is a coarse moduli map. 
Hence X^^ x^ X' — )• X' is also a coarse moduli space. □ 



From the proof of Theorem 13.11 we also see: 

Corollary 3.3. If a closed point p on X is strongly p-stable, then every effective versal 
deformation for p is a strongly p-stable effective versal deformation. 

We will denote by X'^'^ the open substack consisting of strongly p-stable points on 
X. 

Remark 3.4. In general, the coarse moduli map X"^^ — )■ X in Theorem 13.11 is not 
separated. Let X = BG be the classifying stack of an afiine group scheme G over 
a field k. Then BG = BG"^^ and the structure morphism BG — > Spec k is a. coarse 
moduli map. Assume that G is not proper. Then BG is not separated over k. 

Proposition 3.5. Suppose that X has a reduced open substack. Then X'^^ is not empty. 

Proof. By [TSl 6.11], there exists a nonempty open substack y G X such that the 
natural projection IX X;^ y — )■ 3^ is flat. Then each closed point on y is strongly 
p-stable. □ 

4. Deformation of coarse moduli spaces and p-stable points 

In this section, we give a construction of deformations of coarse moduli spaces, which 
is one of key ingredients to a construction of coarse moduli spaces. Let 

Xo *- X 

be a diagram, where A'o — )■ A" is a nilpotent deformation of an algebraic stack Xo 
and ttq is a coarse moduli map which induces a natural isomorphism Oxq -^ '^*Oxo- 
We want to construct a coarse moduli space for X by deforming Xq (under a certain 
natural setting). We refer to such a construction as the deformation of a coarse moduli 
space. Before proceeding into detail, it seems appropriate to begin by observing some 
motivating examples: 

Example 4.1. Let X = Speci? be an affine scheme of finite type over a field k 
and Xred = Spec-R/J the associated reduced scheme. Let G be a linearly reductive 
algebraic group over k. Suppose that G acts on X, and it gives rise to an action 
on Xrcd- Assume that these actions are closed. (An action is closed if every orbit 
is closed after some extension of the base field (cf. [301 Definition 0.8]). Namely, 
every point on X is stable in the sense of Geometric Invariant Theory pO]. Then the 
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geometric quotient for the action on X is SpecR'^. Here W^ denotes the invariant 
ring. On the other hand, the geometric quotient for the action on Xj-ed is Spec(i?//)*^. 
We can view Speci?*^ and Spec{R/I)^ as "coarse moduh schemes" for the quotient 
stacks [X/G] and [Xred/G] respectively. Since G is hnearly reductive, the natural map 
i?*^ — !■ (R/I)'^ is surjective. Therefore the nilpotent deformation [Xj-ed/G] — )■ [X/G] 
induces a deformation Spec(i?//)'^ — > Speci? of the coarse moduli scheme Spec(i?//)'^, 
and the coarse moduli scheme for [X/G] can be obtained by deforming that of [Xred/G]. 
This is the reason why the stability in the Geometric Invariant Theory makes reference 
only to the properties of underlying orbits. 

Example 4.2. Let A^ = Spec k[x,y] be an affine space over a field k. Let Ga = 
Spec k[t] be an additive group. Consider the action of Ga on A'^, described by (x, y) i-)- 
(x, y + t). Set Xq = Spec k[x, y]/{x) C A^ and Xi = Spec k[x, y]/{x'^) C A^. Then the 
coarse moduli spaces of the quotient stacks [Xq/GoI ^^^ [^i/Ga] are 

Spec(/c[x, y]/(x))'^'' = Spec /c 

and 

Spec(A;[x,|/]/(x^))'^" = Spec A;[x]/(x^) 

respectively. In particular, {k[x,y]/{x^))'-'°- — )■ {k[x,y]/{x))'-^'' is surjective. Next con- 
sider the action on A^ given by {x,y) \-^ {x,tx + y). In this case, the closed substack 
[Xq/Go] in [A^/Ga] is isomorphic to Spec/i;[|/] x^ BGa and its coarse moduli space is 
Spec/c[|/]. However, the natural map {k[x,y]/{x'^))^°- — )■ {k[x,y]l{x))'^°- = k[y] is not 
surjective. 

From the examples in Example 14. II and 14. 2[ to construct the deformation of a coarse 
moduli space, we need to impose a lifting property on invariant rings. The purpose 
of this section is to axiomatize the property in the framework of algebraic stacks and 
construct the deformation of a coarse moduli space. Let X be an algebraic stack over 
a scheme S. Let Xq be a closed substack of A', which is determined by a nilpotent 
coherent ideal sheaf X. Suppose that there exists a coarse moduli map ttq : A'o — )■ Xq 
such that Oxo — >■ t^q*Oxo i^ isomorphism, and for any fiat morphism Xq — )• Xq of 
algebraic spaces Xq x^o Xq — )■ Xq is also a coarse moduli map. 

Proposition 4.3. For any etale morphism Uq — ?■ Xq from a scheme Uq, there exists 
an etale (representable) morphism U ^ X such that U x x Xq = Uq x x^ Xq . That is, 
there exists an etale deformation o/ prg : Uq Xx^ Xq ^ Xq to X . Moreover, such a 
deformation is unique up to unique isomorphism. 

Proof. Without loss of generality, we may assume X^ = 0. Let L(jj^y^^ Xo)/Xo and 
Lf/o/Xo denote the cotangent complexes of prg : Uq x Xq Xq ^ Xq and Uq — )■ Xq respec- 
tively (cf. [211 (17.3)], [32J). If pr^ : Uq x^o Xq -> Uq is the first projection, then by 
[211 17.3 (4)], we have 



^{UoxxoXo)/Xo — LpT*iLu^/Xo — Lprl^ug/xo = 0. 

According to Olsson's deformation theory of representation morphisms of algebraic 
stacks [321 Theorem 1.4], there exists an obstruction a G Ext^(L(f/QXx A'o)/A'o)Pr22^) 
whose vanishing is necessary and sufficient for the existence of an etale deformation of 
pr2 to X. Thus, there exists a desired etale morphism W — )■ X since Ext^(L(c/(,xx a'o)/a'o) pr22^) 
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0. Furthermore, again by [321 Theorem 1.4], the vanishing Ext°(L((/QXx Xo)/Xo-iW2'^) = 
Ext^(L((7QXx Xo)/Xo,PT^2^) = imply the uniqueness of such a deformation. D 

In the above situation, we will refer to U ^ X (or simply U) as an etale morphism 
associated to Uq — )■ Xq, and write Xu for U. 

Lemma 4.4. Let Uq -^ Xq and Uq — )• Xq be schemes that are etale over Xq. Let 
Uq -^ Uq be a morphism over Xq. Then there exists a morphism Xjji — )> Xjj which 
makes the diagram 



XjTI 



-Xjj, 




2- commutative, where Xjji 
unique up to isomorphism. 



U',x 



Xq 



Xq and Xu^ = Uq Xx^ Xq. Such a morphism is 



Proof. Note first that Xu^ -^ Uq is a coarse moduli map. Applying Proposition 14.31 
to Uq — 7- Uq we have an etale morphism Xlj, — )■ Xu associated to the etale morphism 
Uq — )■ Uq, that is, a unique deformation of X^^^ — )■ X^^. Then the composite Xlj, — )■ 
Xug — )■ A" is also an etale morphism associated to Uq — )■ Xq. Finally, the uniqueness of 
Xu' implies our assertion. □ 

Consider the following lifting property (L). 

(L): For any etale morphism Uq — )■ Xq from an affine scheme Uq the natural map 
T{Xu, Oxu) -^ ^{^Uo^ ^^uq) is surjective, where Xu^ denotes Uq x^q ^o- 
If (L) is satisfied, we say that X has the property (L) with respect to Xq. 

Proposition 4.5. Assume that X has the property (L) with respect to Xq. Then there 
exists a commutative diagram 



Xq 



■KQ 



Xn 



X 



X, 



where tt is a coarse moduli map for X , which induces a natural isomorphism Ox — > 
TT^:Ox- Furthermore, Xq -^ X is a nilpotent deformation and X is locally of finite 
type. For any flat morphism X' —^ X of algebraic spaces, prg : X Xx X' — )■ X' is also 
a coarse moduli map. 

The proof proceeds in several steps. 

Lemma 4.6. Let Uq — > Uq be an etale morphism of affine schemes over Xq. Suppose 
that the natural map T{Xu,Oxu) — ^ ^{'^Uoy^Xu ) = ^{Uq,Ouo) is surjective, where 
Xuo denotes Uq Xxq Xq. Let U := SpecT{Xu,Oxu)- Let U' be a unique etale defor- 
mation of Uq -^ Uq to U {cf. [291 Theorem 3.23]). Let X^j, = Xu Xjj U' . Then there 
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exists a unique (up to unique 2-isomorphism) isomorphism Xjj, — )■ Xui of deforma- 
tions of Xiji := X ^XqU'q — 7- A'f/o to Xij. Furthermore, there exists a natural iso- 
morphism V{Xiji, Ox^i) = r(f/', Ojj')- In particular, the natural map V{Xui, Ox,j,) -^ 
ri'^f/^, Ox^, ) = r(t/o, Ou'^) is surjective. 

Proof. We prove the first claim. Note that by Lemma 14.41 there exists Xij/ — > Xu 
that can be viewed as a unique etale deformation of Xw — )■ Xjj^ to Xu. Thus by 
Proposition 14.31 it suffices to prove that Xlj, x^^ Xjjq is isomorphic to Xu^ over Xu^. 
To see this, notice that there is a natural closed immersion Xu^ — )■ Xu Xu Uq over Uq. 
This morphism is not necessarily an isomorphism. More generally, we have a diagram 

Xu^ ^X[j,Xu'Ul, -f/^ 



Xuo ^ Xu XjjUo ^ f/o 

where all squares are cartesian, and Xuo — )■ Xu ^uUq and Xu'^ — )■ X^j, x u' Uq are closed 
immersions. Since Xu^ X{XuxuUo) i'^u' ^u' Uq) is naturally isomorphic to Xuq x^^j X^,, 
thus we have Xu^ Xxjj Xlj, = Xu' over Uq. This implies the first claim. Next we prove 
the second claim. Let p : Z -^ Xu be a smooth surjective morphism from an affine 
scheme Z. Then there exists an exact sequence 

T{U, Ou) = V{Xu, Ox^) 4 r(Z, Oz) "'^ T{Z XX, Z, Ozx.^z). 

Since [/'—)■ ?7 is fiat, thus the exactness holds after base changing by U' — )■ U . This 
implies the second claim because Xu' = X[,,. □ 

Remark 4.7. By the above proof, the property that Ox -^ '^*Ox is an isomorphism 
is stable under fiat base changes on X. 

Let Xo,^t be the etale site, whose objects are affine schemes over Xq, and whose 
morphisms are Xo-morphisms. Let (9 be a sheaf of rings, which is determined by 

0{Uq) ■= 0{Uq ^ Xq) = V{Xu. Ox,) 

for any etale morphism Uq — ?■ Xq in Xo^et- For any Uq — )■ Xq the natural morphism 
0(IJq — > Xq) — )■ Cxo(f^o ~^ -^o) is surjective since X has the property (L) with 
respect to Xq. By Lemma 14. 6[ for any morphism Uq — ?■ Uq in Xo^et? there exists a 
natural isomorphism Cxo(^o) ®o{Ua) C^{Uq) = OxoiU'o)- Thus, the sheaf O induces a 
deformation of the ringed topos associated to (Xo,(5t, Ox^)- Namely, it gives rise to a 
deformation Xq m- X of the algebraic space Xq. 

Lemma 4.8. There exists a morphism it : X —^ X that has the following properties: 

(a) The diagram 

Xo ^X 

^0 -X 

is commutative; 

(b) the natural morphism Ox -^ tt*Ox is an isomorphism. 
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Remark 4.9. The diagram in Lemma [4.81 is not necessarily cartesian. 

Proof. Let Z ^ X he an etale surjective morphism from an affine scheme Z. Let 
Xz —7- A:' be an etale morphism associated to prg : Z XxXq — )■ Xq. Namely, there exists 
a natural morphism Xz -^ Z. Let W — > Xz be a smooth surjective morphism from a 
scheme W. To construct a desired morphism A" — )■ X, it suffices to show that there 
exists a morphism [W x^W ^ W] ^ [Z Xx Z ^ Z] oi groupoids (cf. [24, (2.4.3)]). 
To this end, it is enough to prove that there exists a morphism Xz Xx Xz -^ Z Xx Z 
which makes the diagram 

'^Z X X '^Z > ^z 



ZxxZ 



commute. If Z^ — )■ Xq denotes the projection Z XxX^ -^ Xq, then pr^ : Xz Xx Xz ^ 
Xz {% = 1,2) is an (etale) deformation of projection pr^ : Xq Xx^ {Zq Xx,, Zq) — )■ 
Xzg = Xq Xxo Zq {i = 1,2) respectively. Also, pr^ : Z Xx Z — t- Z (z = 1,2) is 
an (etale) deformation of projection pr^ : Zq x^q Zq -^ Zq {i = 1,2) respectively. 
Thus by Lemma 1^^ the projections Xz Xz.pr^ {Z Xx Z) -^ Xz {i = 1,2) is naturally 
isomorphic to pr^ : XzX^Xz — )■ Xz {i = 1, 2). Hence we can obtain a desired morphism 
Xz Xx Xz — )■ Z Xx Z. Finally, by the construction we have T{Xz, Oxz) = ^{Z, Oz)- 
This means that Ox — ^ t^*Ox is an isomorphism. □ 

Lemma 4.10. The morphism vr in Lemma \4-^ is a coarse moduli map for X. For 
any flat morphism X' — )■ X of algebraic spaces, pr2 : X Xx X' ^ X' is also a coarse 
moduli map. 

Proof. First of all, it is clear that for any algebraically closed field K the morphism 
TT induces a bijective map from the set of isomorphism classes of X{K) to X{K) 
because ttq does. If X' — )■ X is a fiat morphism of algebraic spaces, then pr2 : A'q x^o 
(X' Xx Xq) — 7- X' Xx Xq is a coarse moduli map by our assumption. On the other 
hand, the underlying map of prg : X Xx X' ^ X' can be identified with that of 
prg : XqXxo (X' Xx Xq) — > X' Xx Xq. Therefore, pr2 induces a bijective map from the 
set of isomorphism classes of A* Xx X'{K) to X'{K) for any algebraically closed field 
K. Thus, it remains to prove that for any fiat morphism X' — )■ X, prg : A* XxX' — )■ X' 
is universal among morphisms to algebraic spaces. Let f : X -^ W he a morphism to 
an algebraic space W. What we have to prove is that there exists a unique morphism 
(f) : X ^ W such that / = o tt. We first prove the case where P^ is a scheme. 

Claim 4.10.1. If W is a scheme, there exists a unique morphism (p : X ^ W such 
that f = o TT. For any flat morphism X' ^ X of algebraic spaces, the projection 
prg : X Xx X' -^ X' is also universal among morphisms to schemes. 

Proof of Claim. The composite Xq —> X -^ W induces a morphism Xq — )■ W. It is 
enough to show that if f/ — )■ X is an etale morphism from an affine scheme U, then there 
exists a unique morphism U ^ W extending f/g := t/ Xx Xq — )■ Xq — )■ W, such that 
Xu = XxxU^X^W is equal to Xu ^ U ^ W. Since U and Uq have the same 
underlying topological space, thus we have a map U ^ W as topological spaces. Thus 
it suffices to construct a morphism of structure sheaves. To this end, we may assume 
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that W is affine. Since we have the morphism Xjj — > W, there exists a morphism 
r{W, Ow) -^ r(A:'[/, Ox^) = r([/, Ou). Clearly, it gives rise to a desired morphism. The 
uniqueness follows from the fact that U ^ W should arise from T{W, Ow) -^ '^iU, Ou) 
associated to Xu — )■ A" — )■ W . By Remark 14.71 for any flat morphism X' — )■ X, 
pr2 : X Xx X' ^ X' induces a natural isomorphism Ox' -^ W2*Ox>cxX'- Therefore, 
the above argument can be applied to pr2 : A" Xx X' — > X' . D 

Next we will show the case when W is an algebraic space by reducing it to Claim 1^1 0.11 
This part is done by a more or less well-known argument. But for the reader's con- 
venience we will present a proof here. Let \^ — )■ Af be a smooth surjective morphism 
from an affine scheme V , which gives rise to 

R = V XxV ^V -^ X. 

Let X' — )■ X be a flat morphism of algebraic space. We will prove that the sequence 

W{X') -^ W{X' xx V) =^ W{X' xx R) 

is exact. Let X' = X Xx X', V = X' XxV and R' = X' Xx R- 

We flrst prove that W{X') — )■ W{V') is injective. Let Y ^ W is an etale surjective 
morphism from an affine scheme Y. The fiber product Yi := Y x-^ Y is quasi-affine 
(cf. [24, (1.3)]). Let C,,'f] : X' ^ W he two morphisms to W. Assume that ^,?7 have 
the same image in W{V'). It suffices to show ^ = 77. Take an etale surjective morphism 
X" — )■ X' so that there exist lifts ^0 '■ X" — )■ Y and tjq : X" -^Y oi S, and t] respectively. 
Since X" — )■ X' is etale and surjective, it is enough to show that two composites 

X" z^ Y ^ W coincide. It is equivalent to proving that {^0, rjo) : X" -^ Y xY factors 
through the image of (pri,pr2) -.Y^^Y xY. Put R" = Rxx X", X" = X' Xx' X" 
and V" = V Xx' X". Consider the commutative diagram 

V" X" X" =i Y 



5 

v X' X' ^^ w, 



where the left and middle squares are cartesian diagrams. Notice that the morphism 
V" -^ Y X Y induced by (^o, Vo) factors through the image of (pr^, prg) : Yi — )■ F x F 
since Y ^ W is etale surjective and ^,77 have the same image in W{V'). Denote by 
a G Yi{V") the image. Since we have the morphism X" —^YxY induced by {C,o, Vo), 
thus pr^(a;) and pr2(a) coincide in Yi{R"). Since Yi is a scheme, by Claim l4?10.1l we see 
that a comes from Yi(X"). Therefore, we conclude that W{X') — )■ iy(y) is injective. 
Next we will prove the middle exactness in W{X') — )■ W{V') ^ W{R'). Let h : 
V ^ W he a morphism. Suppose that the two composites h o pr^, h o prg : R' ^ W 
coincide. (Namely, it gives rise to a morphism X' — )■ W.) It suffices to show that 
h arises from some X' — )■ W. For ease of notation, we replace X', X', V and R' 
by X, X, V, and R respectively. The morphism Xq ^ X ^ W induces Xq — )■ W . 
Take an etale surjective morphism Xq — >■ Xq from an affine scheme Xq so that there 
exists a lift Xq — )■ F of Xq — > W . By [291 Theorem 3.23], there exists a unique etale 
deformation X' — ;■ X of Xq — )• Xq. Then it is enough to construct f : X' -^ Y and 
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g : X" := X' ^ X X' ^ Yi which makes the diagrams (J|k) 

X" ^^ X' 

9 f 




pr2 

commute, where V := V x x X'. We first construct f : X' ^ Y . To this aim, notice 
that V^o := X^XxV = X^Xx^Vq -)■ Vo := Xq x x V^ factors through prg : YxwVq -^ Vq. 
Again by [291 Theorem 3.23], V ^ V factors through prg : Y x^ V ^ V. Thus, we 
have f : V ^ Y Xw V ^ Y , which fits in with the right diagram of (J|k). Next we 
will observe that /' o pr^, f o pr2 : R' = R Xx X' ^ Y coincide. Clearly, it holds 
after restricting to Rq = R Xx Xq. This implies that two morphisms Rq ^ Rq X\yY 
induced hj Rq ^ Y coincide. The morphisms R' ^ R x^Y induced by -R' ^ y are 
etale deformations oi Rq ^ Rq Xw Y respectively. Thus by [291 Theorem 3.23], two 
morphisms R' ^ R Xw Y coincide. Hence /' o pr^ and /' o pr2 coincide, and it gives 
rise to X' := X XxX' ^ Y. This induces r(F, Oy) -^ r(X', Ox') = T{X', Ox')- Let 
/ : X' — )■ y be the induced morphism. Next we construct g : X" — )■ Yi. By the above 
construction, we have X' — > Y . It gives rise to a : X' x x X' ^ Y Xy/ Y because the 
right diagram of (J|k) commutes. Note that by Lemma 1^^ (A*^ x y X') X;v'A'o is naturally 
isomorphic to XqXx^, {XqXxqXq), whose coarse moduli space is X'qXxoX'q. Also, notice 
Xq X Xo Xq = (X' X X X') X X Xq. Applying the schematic case to X' Xx X' -)■ X' Xx X' 
there exists a unique morphism g : X' XxX' ^ Y x^^Y such that a = go it", where tt" 
is the natural morphism X' Xx X' -^ X' Xx X'. By the construction of / and g, they 
make diagrams (J|k) commute. Hence we obtain a desired morphism : X — )■ W. □ 

Proof of Proposition \4-5\ We now obtain our Proposition 14.51 from Lemma 14.81 and 



Lemma I4.10[ □ 

Let X be an algebraic stack locally of finite type over an excellent scheme 5*. Let p 
be a closed point on X. We say that p is p-stable if there exist a quasi-compact open 
substack U C X containing p, and a closed substack Uq dU determined by a nilpotent 
ideal sheaf, that has the properties: 

(i) p is strongly p-stable over Uq; 
(ii) U has the property (L) with respect to Uq. 

According to Theorem 13.11 and Proposition 14.51 we have: 

Proposition 4.11. Let X he an algebraic stack locally of finite type over an excellent 
scheme S. Then p-stable points form an open substack X^ , and there exists a coarse 
moduli space 

tt: X' — >X, 

which induces a natural isomorphism Ox -^ t^*Ox- Moreover, it is universally closed 
and quasi-finite. If X' -^ X is aflat morphism of algebraic spaces, then X^XxX' — > X' 
is also a coarse moduli space. 

Remark 4.12. Ultimately, we shall only be interested in GIT-like p-stability which 
will be introduced in the next section. The reason, however, that we introduced the 
ad hoc notion of (strong) p-stability is to prove some properties of GIT-like p-stable 
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points. In addition, we hope that the machinery of p-stabihty will be useful in the 
other situations. 

The property (L) may seem to be hard to verify. Nonetheless, in the next section 
we will show that the property (L) is satisfied in the GIT-like stable case which we 
think of as a reasonable setting. 

For the later use, we need: 

Lemma 4.13. Let Xq ^ X he a closed immersion defined by a nilpotent ideal X. 
Suppose that there exists a coarse moduli map vto : Aq — > f/o to an affine scheme, and 
for any flat morphism U^ — )■ Uq, the projection q : Xi/> := Xq Xj/^ f/g — > Uq is also a 
coarse moduli map. Let Uq — )■ Uq he an Stale surjective morphism of affine schemes. 
Let Xu' -^ X he an etale morphism associated to Uq — )■ Uq, that is, a unique Stale 
deformation Xw — > X of Xu> — )■ Xq. Suppose that T{Xu',Ox^,) — )■ T{Xu',Ox^^,) is 

surjective. Then T{X, Ox) — > r('^O) ^Xo) ^s surjective. (In particular, the property (L) 
is Stale local property.) 

Proof. By induction, we may and will assume that X is a square zero ideal. Let 
J := X®Ox^ ^^uo- Si"^^^ ^{^u'.Ox^,) -^ T{Xu;^,Ox^,) is surjective and Uq is affine, 
we have T{U^,R^q^J) = 0. On the other hand, T{Uq,R^tt^I) ^r{Uo,Ouo) r(f/o,C[/^) = 
V{UQ,R^q^:J). Since Uq — > Uq is etale and surjective, we see r(?7o, -R^vr^X) = 0. This 
means that T{X , Ox) — ;• ^{Xq, Oxq) is surjective. □ 

5. GIT-LIKE P-STABILITY 

In this section, we now introduce the notion oiGIT-like p-stahle points. In this 
section, we will work over a perfect base field k. Let X be an algebraic stack locally 
of finite type over k. 

Definition 5.1. Let p be a closed point on X. The point p is GIT-like p-stable if there 
exists an effective versal deformation C, € X{A), which has the following properties: 

(a) The special fiber of Aut y ^(^) — )• Spec A is linearly reductive, that is, Aut y ^^(0 ^SpecA 
Spec A/m is a linearly reductive algebraic group over Spec A/m, where m is the 
maximal ideal of A. 

(b) If / denotes the ideal generated by nilpotent elements in A, then there exists 
a normal subgroup scheme J-" in Aut y ^(^) x^ Spec (A//) which is smooth and 
affine over Spec A/ 1, and whose geometric fibers are connected. Furthermore, 
the quotient Aut y ^(^) XyiSpec(y4//)/J^ is finite over A/ 1, and the compatibility 
condition (C) as in Definition 12.31 holds for J^ C Aut y 4(^1 x^ Spec(y4//). 

Remark 5.2. (i) Let K he a field and K' D K a.n extension of fields. An algebraic 

group G over K is linearly reductive if and only if so is G XspecK Specif' over 
K'. Therefore, to verify (a) in Definition 15.11 it is enough to show that there 
exist a field K and a morphism v : Specif — )■ X, such that v represents the 
point p and Aut y j^ft;) is linearly reductive over K. 
(ii) According to p3| VIb Corollarie 4.4], to check that a group scheme J-" is smooth 
over a reduced scheme S, it is enough to prove that every fiber is smooth and 
J-" is Zariski locally equidimensional over S. 
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(iii) The characteristic zero case is simpler than the general case. liQ := Aut y aIO^a 
Spec(A//) — 7- Spec(A//) is equidimensional, then by [TH VIb Corollaire 4.4] 
the identity component Q^ (cf. [TH VIb Definition 3.1]) is a smooth open 
normal subgroup, whose geometric fibers are connected. By [131 VIb Proposi- 
tion 3.3], the compatibility condition (C) holds for Q^. Hence in characteristic 
zero, the property (b) in Definition 15.11 is satisfied if and only if the following 
conditions hold: 

(a) Q — )■ Spec (A//) is equidimensional, 

(b) Q^ is affine over Spec (A/ J), 

(c) Q/Q'^ is finite over Spec{A/I). 

(iv) Consider the case when X has finite inertia stack. Suppose that all closed 
points on X are GIT-like p-stable. Then in characteristic zero, A" is a Deligne- 
Mumford stack ([12]), and in positive characteristic A" is a tame stack intro- 
duced by Abramovich, Olsson, and Vistoli (t2j). 

Proposition 5.3. Let Xq be the reduced stack associated to X . Let p be a GIT- 
like p-stable point on X (or equivalently Xq). Then there exists an open substack 
3^0 C Xq containing p, which has a coarse moduli map ttq : 3^o ~^ ^o such that it 
induces an isomorphism Oy^ -^ iTQ^^Oy^, and for any flat morphism Yq — > Yq the 
pullback 3^0 Xyo ^o ~^ ^o ^■^ ^^^^ ^ coarse moduli map. 

Proof. Let ^ : Spec A ^ X he an effective versal deformation for p, which satisfies 
the properties (a) and (b) in Definition 15. 1[ Note that if X denotes the ideal generated 
by nilpotent elements in Ox-, then the ideal / of nilpotent elements in A is the pullback 
of X via ^ : Spec A -^ X because X is excellent. Then p is a strongly p-stable point on 
Xq. Thus by Theorem 13.11 we obtain our Proposition. D 



Let X be an algebraic stack locally of finite type over the base field k. According to 
Proposition 15. 3^ we will denote by X^^ the open substack of GIT-like p-stable points. 
The main purpose of the remainder of this section is to prove Theorem 15. 121 that is, to 
show the existence of a coarse moduli map for X^^ by applying the results developed 
in section 4. 

Lemma 5.4. Let X be an algebraic stack locally of finite type over a perfect field k. Let 
Xq be the reduced stack associated to X . Let Xq^ be the open substack of GIT-like p- 
stable points. Let Xq^ — )■ Xq be a coarse moduli map (cf. Proposition \5.3\) Let Uq — )■ Xq 
be an etale morphism from an affine scheme Uq. Let Xjj — )■ X^^ be an Stale morphism 
associated to Uq ^ Xq. (See Proposition^^) Suppose that Xjj^ = X^^ x^o Uq has the 
form [Vq/G], where Vq is an affine UQ-scheme and G is a linearly reductive algebraic 
group over k, which acts on Vq over Uq. Then there exist a nilpotent deformation 
Vq ^ V and an action of G on V , which extends the action on Vq, such that Xu is 
isomorphic to \y/G]. 

Proof. We may and will assume X^ = 0. By our assumption, there exists a mor- 
phism / : Xu„ — !• BG corresponding to the principal G-bundle Vq — )■ [Vq/G] = A't/g- To 
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prove our claim, we will show that there exists a dotted morphism filling the diagram 

'^Uo ^ ^u 

f .■■■■■■■' 

BG. 

Note that Xjj^^ — )■ BG is representable because it arises from the G-morphism Vq -^ 
Specfc. According to [321 Theorem 1.5], an obstruction for the existence of a dotted 
arrow lies in Ext^(L/*LBG/Specfc,2^) = Ext^(/*UG/Specfc,2^), where Uc/Specfc denotes 
the cotangent complex. We claim 

Ext^(L/*LiJG/Specfc,X) = 0. 

To prove our claim, we first show that L^G/Specfc is of perfect amplitude in [0,1]. 
Consider the composition Spec k — )■ [Spec k/G] = BG — )■ Spec k, where n is the natural 
projection. Then we have a distinguished triangle 

Lw*Lbg/ Speck —^ Lspecfc/Specfc — ^ \-Spec k/BG —^ Lw*Lbg/ Spec kl^- 

Since Lgpecfc/Specfc = 0, Ispec k/BG = Lw*Ibg/ Speck[M (the symbol = means the existence 
of a quasi-isomorphism). The morphism w is fiat surjective of finite type, and thus it 
suffices to show that \-spec k/BG is of perfect amplitude in [—1,0]. To this end, consider 
the fiat base change z : Spec/;; x^^ Spec A; = (?—)■ Spec A; of w : Spec/c -^ BG, 
we have ^*Lspecfc/BG — ^G/Speck- Note that the morphism G — )• Specfc is complete 
intersection in the sense of [15l (19.3.6)], and thus according to [19^ Ch. Ill (3.2.6)] 
the cotangent complex \-G/Speck is of perfect amplitude in [—1, 0]. Therefore we deduce 
that \-speck/BG is of perfect amplitude in [—1,0]. (If G is smooth, then Lc/specfc is of 
perfect amplitude in [0].) Hence we conclude that \-bg/ Speck is of perfect amplitude 
in [0,1]. Since / is fiat, thus Lf*LBG/Speck — f*^BG/Speck is of perfect amplitude in 
[0,1]. Thus we have nHom{f*lBG/ Speck,!) = TZHomiriBG/ Speck, O^^^) ®^X, and 
Ti'Hom{f*LBG/ Speck, Oxjj ) is of perfect amplitude in [—1,0]. Note that [Vq/G] — )■ BG 
is an affine morphism. In addition, the push forward with respect to BG — ?■ Spec fc, is 
an exact functor from the category of quasi-coherent sheaves on BG to that of quasi- 
coherent sheaves on Spec k. Therefore the global section functor on [Vq/G] = A'j/q 
is exact. Taking into account local-global spectral sequence for Ext groups, we see 
that Ext^(L/*LBG/spccfc;2^) = and there exists the desired arrow Xu — )■ BG. The 
pullback of the natural projection Spec k — )■ BG by Xu — )■ BG gives rise to a principal 
G-bundle V := Spec A; x^^ '^u -^ '^u- Notice that V — )■ Xu is a fiat deformation of 
Vq -^ Wo/G] = Xuq to Xu- Thus V is affine. This means that Xu has the form \V/G] 
where V is affine, as desired. □ 

Remark 5.5. (i) From the above proof, we see that if G is a smooth algebraic 

group over /c, then \-bg/ Speck is of perfect amplitude in [1]. 
(ii) Also, the same argument shows the following: Let A be a local fc-ring with 
residue field k and maximal ideal m. Let G be a linearly reductive algebraic 
group over k. Let X — )■ Spf A be a formal algebraic stack, that is, an inductive 
system of algebraic stacks Xn — )• Spec A„, where An = A/xn"'^^. Suppose that 
Xq = BG = [Spec k/G]. Then the system Xq ^^ Xi ^^ X2 "-^ ■ ■ ■ Xn "-^ has the 
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form 

[Spec k/G] ^ [SpecBi/G] ^ [Spec^a/G] -^ ■ ■ ■ [Spec5„/G] -^ ■ ■ ■ , 

where Bi is an artin local k-nng over Ai for any i. (To see this, replace / : Xu^ — )■ 
BG in the proof of Lemma 15.41 by Id : Afg = BG — t- -BG and apply the same 
argument.) Furthermore, if G is smooth, we have Ext^LsG/k, (iTi"/m"'^^) |bg) = 
for i = 0,1, which deduces, by |32l Theorem 1.5], that the system of G-rings 
{Bi}i>Q is unique up to isomorphism. 

Proposition 5.6. Let Xq he the reduced stack associated to X . Let Xq^ he the open 
suhstack of GIT-like p-stahle points and ttq : X^^ — )• Xq the coarse moduli map. Then 
for any closed point p on Xq there exists an etale neighhorhood Uq — )■ Xq and a closed 
point u & Uq lying over p, such that (i) if k{u) denotes the residue field of u, then 
Speckiu) — )■ Xq extends to a : Speckiu) — )• Xq, (ii) Uq is an affine k{u)-scheme, 
and (Hi) Xu^ = Xq'^ Xxq Uq has the form [Vq/G], where Vq is finite over Uq, and 
G — )■ Specfc('u) is the automorphism group of a. 



The proof of this Proposition proceeds in several steps: Lemma 15. 7[ 15. 8[ 15. 9[ Propo- 
sition EO] and EHH 

Lemma 5.7. Let L he a field. Let % — )■ Spec A he a group scheme that is affine 
and smooth over A, where A is a complete noetherian local L-ring with residue field 
L. Suppose that the fiher of H over the closed point of A is linearly reductive, and 
all geometric fihres of Ti -^ SpecA are connected. Then there exists an isomorphism 
Ti ^>- H Xl SpecA of group schemes over SpecA. 

Proof. Let H — > Spi A be the formal group scheme associated to H — t- SpecA, 
which we can view as a smooth deformation of H to Spf A. Note that H is linearly re- 
ductive and thus higher group cohomology groups are trivial. Thus by the deformation 
theory of group schemes (cf. [14|, Expose III (3.7)]), we see that there exists a unique de- 
formation of H to Spf A, that is, Hxi Spf A, and thus there exists an isomorphism be- 
tween ?^ and //x^ Spf A. Let T-LoniAiH >^ lA,'^) (jesp. 'HoniAi'H, H x j;^ A)) he a iunctoi 
which to any S — )■ Spec A associates the set of homomorphisms HxiAxaS^T-LxaS 
(resp. T-LxaS-^HxlAxaS) of group schemes over S. According to [TU Expose 
XIX 2.6], "H is a reductive group over SpecA (cf. [T^ Expose XIX 2.7]). Then by p^ 
Expose XXIV 7.2.3], T-iomA^H Xi A,'H) and 'HomA{'H,H x^ A) are represented by 
schemes locally of finite type and separated over A. By the above observation, there 
exist inductive systems {SpecA/m^^ — > HoniAiH x^ A, 'H)}„>o, {Spec A/m^"'"^ — )■ 
'HomA{'H,H Xl A)}„>o arising from the isomorphism % = ifx^^Spf A. Here v^a 
is the maximal ideal of A. Since 'HomA{H Xl A,1-L) and T-LomA{'H,H x^ A) are 
schemes, these systems are uniquely extended to u : SpecA — t- T-LomA^H x^ A,T-L) 
and V : SpecA — )■ 'HomA{'H,H x^ A). Let us denote hj u : H Xi^ A ^ Ti and 
V : % ^ H Xl A the corresponding morphisms respectively (here we abuse notion). 
The uniqueness also implies that uov is the identity morphism %. Similarly, v ou is 
the identity morphism oi H x l A. This completes the proof. □ 

Lemma 5.8. Let p he a GIT-like p-stahle closed point. There exists an open suhstack 
U d Xq containing p, that has the property: there exists a closed suhgroup T C lU 
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such that T is smooth and affine over U, geometric fibers of J^ ^ U are connected, 
and lU/J^ is finite over U. 

Proof. This proof is parallel to Proposition 13.21 and the first, second and third 
paragraph of the proof of Theorem 13.11 Let ^ : Spec A ^ X he a,n effective versal 
deformation for p, which satisfies the properties (a) and (b) in Definition 15.11 By 
Lemma 12. 2[ we extend the versal deformation ,^ to a smooth morphism P : U ^ X 
where U is an afiine scheme having a closed point u such that A = Ou,u and ^ = P\a- 
Consider the following contravariant functor F : (afiine ^-schemes) -^ (Sets) which to 
any f : Y —> U associates the set of normal closed subgroup spaces Q C Aut yy (/*??) 
over Y with following properties (i), (ii), (iii): 

(i) Q is smooth and afiine over Y, and geometric fibers are connected, 
(ii) Aut y y(f*?7)/g is finite over Y, 

(iii) if pr^, pr2 : Aut y y(f*?7) Xix Aut y Yif*v) =^ Aut y Y{f*v) are the natural pro- 
jections, then pi^^(Q) = pr^^(^). 

As in the proof of Proposition 13. 2[ using a standard limit argument (cf . Appendix) we 
see that the functor F is locally of finite presentation. By the approximation theorem, 
there exists an etale neighborhood V ^ U oi u such that F{V) is not empty. As in the 
proof of Theorem 13.11 this implies that there exist an open substack U G X containing 
p and a closed subgroup J-" C lU that has the desired property. □ 

(The first setup): For simplicity, we will replace X^^ and Xq by X and X respectively. 
For any f/ — )■ X, we write Xu for A* x^ U. Let p : Spec K ^ X he a. geometric point 
and q : Spec K —^ X the composite of p and the coarse moduli map, where i^ is a 
separable (algebraic) closure of k. Shrinking X by Lemma [5.81 we assume that there is 
an closed subgroup J-' C IX, such that IX /J-" is finite, J-" — ?■ A" is smooth and afiine, 
and all geometric fibers of J-" — )■ A* are connected. Fix an etale neighborhood U -^ X 
of q : Spec K ^ X, where U is an afiine scheme. There exists a rigidification Xjj — )■ yjj 
associated to J-" (cf. Appendix IA.7p . Note that yu has finite inertia stack and each 



stabilizer is linearly reductive. Then according to [21 Proposition 3.2] (and its proof), 
there exist an etale neighborhood U' ^ U and a closed point u' G U' (the image of 
Specif — !■ U') such that (i) SpecA;(-u') — )• U' extends to a : Speck{u') — )• Xui and 
U' is a A;(M')-scheme, and (ii) if G, H and G denote IXi/i y<x^,,a k{u') = Autf^,,Ja), 
T ^Xjj,,oL k{u') and G/H respectively, then the base change yui = yu ^u U' has the 
form [W^/G], where W is an afiine scheme which is finite over U' and has the trivial 
fiber W Xiji SpecA;('u') = SpecA;(M'). For ease of notation, we replace U' and u' by U 
and u respectively. Let L := k{u) he the residue field of u. 

Lemma 5.9. There exists an etale neighborhood V ^ U of q, such that (i) the mor- 
phism Wy := W Xjj V ^ yu Xu y lifts to Wy — !■ Xy, and (ii) the group scheme 
Wy ^Xv -F ^ Wy is isomorphic to the constant group scheme H x^ Wy — )■ Wy. 

Proof. Clearly, we may assume that X is quasi-compact. Observe first that it is 
enough to prove the case when the base field is algebraically closed (in particular, 
L = K). Note that any algebraic extension of k is separable. In addition, X and X 
is of finite presentation over k. Thus, standard limit arguments show that an etale 
morphism V — )■ U x^ K with the desired properties always arises from some etale 
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morphism V ^ U with such properties. Therefore we may and will assume that 
k = L = K. 

Next we prove that there exists an etale neighborhood V ^ U that satisfies (i). 
Let O be a strict henselization of the local ring of Ou,u- Since strict henselization 
commutes with finite extensions of rings, thus W := W Xu SpecO is the disjoint 
union of spectrums of strict henselian local rings, that is, W = U-l^i Spec Ai, where Ai 
is a strict henselian local ring with residue field K for all i. Since u & U has the trivial 
fiber Specif, we see i = 1. We let W := Spec A. The rigidifying morphism Xu — )■ yu 
is smooth, and thus there exists a lifting W — )■ X^ of W — )■ yu. We can write 
SpecO — i- f/ as Spec(colimAi?A), where Ux := Spec^B^ — > U are etale neighborhoods 
of the (geometric) point u : Specif — > U. Note that Xu is of finite type over yu- 
Hence there exists some etale neighborhood U^ ^ U such that W^ := W XuU^ ^ yu 
extends to W^^ — )■ Xu- 

Next we will show that there exists an etale neighborhood f/^/ — ?■ Ufj, that satisfies 
(ii). Let W^ denote the spectrum of the completion Aoi A with respect to the maximal 
ideal. In other words, we also have W^ = SpecA^oO, where O is the completion of O 
with respect to the maximal ideal of O. Then by Lemma [STTf the group scheme W^x^J^ 
is isomorphic to W^ Xk H over W^. Then considering the category of rings over A 
and applying Artin's approximation theorem, we see that there exists an isomorphism 
of group schemes between W Xx^ T and H x^ W over W - Applying Theorem lA. 21 
and IA.5I to the system {?7a'}a'->a, we conclude, by standard limit arguments, that 
there exists f/^/ — > f/^ such that the group scheme W^j,/ Xx^ ^ J-" — !• Wfj_i is isomorphic 
to H Xk W^> -> W^>. " □ 

Since yu = [W/G], we see that Wu Xx IX /{Wu x^^ ^) is embedded inWu Xl G- 
Let G' be the reduced scheme associated to G and set G' := G' / H. The schemes G' 
and G' have naturally (smooth) group structures because L is perfect. Next we prove: 

Proposition 5.10. There exists an etale neighborhood V^Uofq such that the group 
scheme {Wy Xx IX) X(y^^y.^Q-^ {Wy Xl G') — )■ Wy can be embedded into Wy x^G' 
as the inverse image of {Wy Xy^ lyu) ^(Wvy-LG) (Wv ^l G') C Wy x^ G' under 

Wy XlG' ^Wy XlG'. 

Proof- (Step 0) As in the proof of Lemma 15. 9[ we may assume that the base field 
is algebraically closed. Thus we will let k = L = K- Moreover, by Lemma [5.91 we can 
take an etale neighborhood V -^ U that has the properties (i) and (ii) in Lemma 15.91 
For ease of notation, we may replace V by U. 

(Step 1) First we observe that it suffices to construct the desired embedding over W"^- 
(For the notation W^, see the proof of Lemma \5M We will continue to use notation in 
the proof of Lemma [5l9l ) Assume that the group scheme G := (W^ Xx IX) x^p^o^^g) 
{W^ Xk G') — 7- W^ can be embedded into W^ Xk G' - Consider the natural projection 
ly'x^G'^ ly'x^G" and take the inverse image P of iy'x;t-/'^/(W"'x;t'^) (IW'xkG 
in W' Xk G' - Let F be the functor which to any a : Z — )■ SpecO associates the set 
of isomorphisms of the group schemes from {Wz Xx IX) X(jy^xKG) {^z ^k G') to 
a* P. Using Theorem I A . 2 1 and I A . 5 1 we easily see that F is locally of finite presentation. 
Then we can apply Artin's approximation to conclude that the group scheme {W Xx 
I X)x i^'^jY' >ckG)(W ^ kG') can be embedded into W'xkG' . By standard limit arguments. 
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we see that there exists an etale neighborhood V ^ U oi q such that the group scheme 
[Wy Xx I^) >^{WvXkG) {^v ^k G') — )■ Wy Can be embedded into Wy Xr G' in the 
desired way. 

(Step 2) Next we prove that there exists an embedding of the scheme G into W^ x^G', 
that is, an isomorphism between G and P* := Pxw'W^ as schemes. Note that W^XxJ^ 
is isomorphic to W^ Xk H as group schemes. The quotient Q := G/{W^ Xx T) is a 
(non-flat) finite group scheme over W^ . We have yu = [Wu/G] and thus Q is a closed 
subgroup scheme of W^ Xk G' . Let {Id = gi,g2, . . . ,gn} be the set of (ii'- valued) 
points on G'. (Note that G' is finite etale over K. Namely, G' can be viewed as the 
finite group {Id = gi,g2, ■ ■ ■ ,5'n}-) The connected component of Q on which gi lies, 
denoted by Qj, is isomorphic to the pullback of the diagonal W^ — )■ W^ Xk W^ by 
(Idvi/<>,5'j) • W^ ~^ W^* ^K W^. Therefore, each connected component of Q can be 
identified with a closed subscheme in W^. Let us identify Qj with Mj, where Mj is a 
closed subscheme of W^. Let 6 : G — )■ Q be the projection. Note that this projection is 
a principal if -bundle, and Mj is the disjoint union of the spectrums of complete local 
rings. {H is the identity component of G'.) Also, the principal bundle of a smooth 
algebraic group over a strict henselian local ring is trivial. Therefore G is isomorphic 
to if X/f Q as a scheme over W^. We will regard G as if X;^ Q. (Here we do not take 
care of group structures.) Thus, it is enough to prove that the group scheme G — )■ W^ 
is isomorphic to the group scheme H XkQ ^ W^ (here H XkQ equips with the group 
structure arising from that of G' in the natural way) . 

To this end, we fix some notation. We write W for the formal scheme associated 
to W^ and the adic topology on A arising from the maximal ideal. Let G (resp. 
{H Xk Q)^) be the formal scheme obtained from G — )■ W^ (resp. H x^ Q — )• W^) by 
completion over W. Let Qi be the formal scheme obtained by completing along the 
closed point of Qj. Applying Remark 1531 (ii) to the base change X — )• Spf O oi X ^ X 
to Spf O, we see that G is a closed formal group subscheme of Gx^W'. (The special 
fiber of A" is a classifying stack BG (cf. ^ (11-3)]).) 

(Step 3) Next we will show that there exists a closed immersion of formal group schemes 

0: Q^G'xkW' 

over W , which identifies G with {H x^Q)^- From (Step 2), it is clear that there exists 
a closed immersion of formal group schemes 0' : G — )■ GxkW. Moreover, we know the 
existence of an isomorphism G = {H Xk Q)^ of formal schemes. Thus, it is enough to 
show that this immersion factors through G'x^W' C Gx^W'- To this end, observe 
first that the "identity component" of G is the closed subscheme HxkW (in Gx^W). 
The fiber of G — )■ W' over the closed point is G' and its identity component is H. Hence 
it is enough to prove that any smooth deformation of if to W^ that is embedded in 
G^XkW , is HxkW . Here G^ is the identity component of G. In characteristic 
zero, we have G° = H, thus our assertion is clear since "identity component" of 
[H Xx Q)^ is a constant deformation of H to W', and any surjective endmorphism 
of a noetherian local ring is an isomorphism. In positive characteristic, note that by 
Nagata's classification of linearly reductive groups (see for example [30^, page 27]), H 
is a torus. Moreover, G^/H is a linearly reductive group, thus by the classification in 



24 ISAMU IWANARI 

[21 Proposition 2.13] we see that G^ / H is a diagonalizable group. Let ?^ be a smooth 
deformation of iJ to ly that is embedded in G^x^W . (7^ is a constant deformation 
of H .) Consider the composite homomorphism "H — )■ G^^kW -^ {G^/H)xkW , 
where the second homomorphism is the natural projection. Since H is isomorphic to 
HxxW as formal group schemes, the composite H — )■ {G^/H)xxW comes from a 
homomorphism of abelian groups. Namely, if if = Speci^[M] and G^/H = Speci^[A^], 
then the composite arises from a homomorphism A^ — )■ M. However, any A^ — > M is 
the trivial homomorphism since M is free and A^®zQ = 0. This means H C Hx^W . 
As in characteristic zero case, we deduce that i-L is equal to Hx^W . Using this, we 
will show that (p' factors through G'xkW' C Gx^W'. To see this, we may consider 
the problem by restricting G to some open and closed subgroup of Gx^,Qj, that is 
smooth over Qj for each i. (G is the union of such subformal schemes.) Namely, we may 
assume that G is smooth over W', that is, we have an isomorphism G = G'x^W of 
formal group schemes. Consider the composite po 0' : G — )• Gx^W' — ^ {G/G')xkW' , 
where p is the natural projection. It suffices to prove that the image of p o 0' is 
trivial. In characteristic zero case, it is clear. In positive characteristic, we put G/G' = 
Speci^[A^], where A^ is an abelian group whose order is a power of ch(fc). For each 
connected component Cj of G, choose a section Si : W — )■ Cj. Then the composite po(j)' 
is uniquely determined by the images p o 0'(sj). Note that the number of connected 
components of G is prime to ch(A;). Moreover, the identity component of G maps to 
the unit of {G/G')xkW, hence for each i, there exists a positive integer n, such that 
p o 4>\s^) is the unit of {G/G')xkW' and n is prime to ch(/c). Therefore, we see that 
p o (f)'{si) is the unit. This implies our claim. Hence we have the desired morphism 0. 

(Step 4) We then claim that (p is induced by an isomorphism G — )• /J x^^- Q of group 
schemes over W^. For any i, let G[ be a subgroup of G', which is generated by gi. 
(Here we regard G' as a finite group.) Let G[ be the preimage of G[ under G' — )■ G' . 
For any i, set Gj := G[xx Qi via a fixed isomorphism G = H x^Q oi schemes. The 
scheme Gj can naturally be viewed as a closed and open subgroup scheme oiQxw> Qj 
(over Qj). (Note that at this point we do not claim that the group structure of Gj 
comes from that of Gj.) On the other hand, we denote by G'^XxQi the formal group 
scheme over Qj C W , whose group structure arises from that of G[. The formal group 
scheme G^x^Qi — )■ Qj is a closed and open subgroup scheme of {H x^ Q)^x^y,Qj. 
The morphism identifies the formal completion Gj of Gj over Qj with G^x^Qj (as 
a formal group scheme). We denote by 0j the restriction of to Gj. We will extend 
0j to an isomorphism Gj — )■ Gj x^ Qj of group schemes over Qj. (Note that the 
target G[ x^ Qj has the group structure coming from G[.) To this aim, consider the 
functor HomQ. (Gj,Gj x^' Qj) over the category of Qj-schemes, which to any T — ;■ Qj 
associates the set of morphisms of schemes / : Gj — )■ Gj x^^Qj over Qj, such that (i) the 
restriction to the identity component of Gj is a homomorphism of group schemes, and 
(ii) / commutes with the right actions of identity components of Gj and Gj x^^ Qj on 
Gj and Gj x^ Qj respectively. Note that the identity component of Gj is isomorphic to 
H XxQi as a. group scheme. In addition, since we have an isomorphism Gj = Gj x ^^ Qj 
of schemes, by choosing a closed point Cj on each connected component of G[ we can 
take sections Sj : Qj — )■ Gj. The functor HomQ.(Gj,Gj x^ Qj) is represented by a 
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scheme over Qj. Indeed, a morphism f : Gi ^ G[ x ^ Qi with the properties (i) and (ii) 
is uniquely determined by the restriction of / to the connected component of Gj and 
the image of sections {sj}j under /. Therefore, if G° denotes the identity component 
of Gi, then HomQ,(G°,G'i x^ Qi) Xq^ (Qi Xk (GDO represents Hom^^(Gi,G^ Xk Qi), 
where HomQ.(G°, G^ x^ Qi) is the hom scheme which to any T — )■ Qj associates the 
set of group homomorphisms G° xq. T — )■ G'^ x^ T, and r + 1 is the number of the 
connected components of G,. By [HI Expose XXIV 7.2.3], IIomQ.(G°,Gj Xk Qi) is a 
scheme (locally of finite type and separated) over Qj. Thus, Homg (Gj,G^ x^ Qi) is 
represented by a scheme over Qj. The morphism 0j induces an inductive system of 
sections {Speci?j/m""''^ — )■ Homg. (Gj, G'^ X;^Qj)}„>o, where Speci?j = Qj and mj is the 
maximal ideal of Ri. Since Homg. (Gi,G'j x^ Qj) is a scheme, the system is uniquely 
extended to a section Qj — )• HomQ,(Gj,G'j x^ Qi). It gives rise to a morphism $j : 
G j — )■ Gj X i^ Qj that is an extension of 0j. To check that $j is a group homomorphism, 
it suffices to show that $j commutes with respect to group structures. It follows 
from the facts that 0j is a group homomorphism and the natural completion map 
r(Gj Xq^ Gj, Cg.xq^gJ -^ r(Gj Xq, Gj, Cg.xq^gJ'^ is injective (consider the compatibility 
of $j with group structures in terms of ring homomorphisms). For any i and j, the 
intersection (Gj Xq, (QjnQj))n(Gj Xq. (QjfiQj)) is a (reductive) smooth, affine group 
scheme over Qj fl Qj. Two morphisms 0j and (pj coincide in the intersection (after 
associating the formal schemes), and thus taking into account the above argument, we 
see that $j and $j coincide in (Gj Xq, (Qj n Q^)) fl (Gj Xq^, (Qj fi Qj)). Therefore, $j's 
are glued together, and thus we have an isomorphism G — > i/ x^- Q of group schemes 
over W. a 

(The second setup): Taking into account Lemma [5.91 and Proposition 15. 10[ assume 
further that there exists a lifting W -^ Xu oi W ^ yu = [W/G] such that: 

(i) U is an affine scheme of finite type over L, 

(ii) the pullback of J-" — )■ Af by the composite W -^ Xu — !■ A" is isomorphic to 
WxlH, 

(iii) {W X X IX) X (wxlG) (^ ^ ^ G') is embedded into W x^G' as the inverse image 
of {W xy^ lyu) X(vKx^G) (W Xl G') C W X l G' Under WxlG' -^Wx^ G' . 

Proposition 5.11. With the notation as above, Xu has the form [ly/G]. 

Proof. Note first that we have the lifting ^ : W ^ Xu and thus by Theorem IA.7I 
(iii) there exists a natural isomorphism a : W Xy^^ Xu -^ W Xu BH over W . This 
isomorphism is described as follows. Let p : Xu — )■ yu be the rigidifying morphism. 
For any cj : T — )■ W , an object which belongs toWxy^ XuiT) amounts to data 

{Lo:T^W,r]:T^Xu, e-.T^ Isomy^,r(p(r/),e(a;)) = Isoni;,^^^ (77,^(0;))///} 

where ^ is the composite W — )■ Xu — )■ yu- Then consider the principal iZ-bundle 

IS0m;^^r (77,^(0;)) Xisom^ ^fa.£(a;))/H.e T ^T 
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and denote by ^^ : T — )• BH the corresponding morphism. Then a sends {uj,ri,6) to 
{u,(l)g). There exists the diagram 



W XlG ^W XlBH 



W 






w 



^yi 



where the right vertical arrow is determined hj W ^ [W/G] and all squares are 
cartesian. Note that W Xl G —> W x^ BH is a morphism over W. We will prove the 
claim: 



Claim 5.11.1. The composite W x^G ^ W Xi BH — )• BH factors through second 
projection W Xi^G ^- G. 

Before the proof of the above claim, assuming that the claim holds, we will complete 
the proof of our Proposition. By the claim, W x^G -^ W x^BH arises from G — )■ BH. 
The fiber oiW XlG^WxlBH over SpecL ^Wxl SpecL ^W XlBH is G^ 
SpecL. Here the first morphism SpecL -^ W x^ SpecL is determined by the unique 
point on W lying over u E U, and the second morphism W x^ SpecL -^ W x^ BH 
is defined by the identity of W and the natural projection Spec L — )■ BH . Thus we 
obtain the diagram 



W XlG 
W — 



^W XlG 



-^W XlBH 



W 



X, 



u 



where all squares are cartesian. This means that Xu is isomorphic to [W^/G] where the 
action of G on VT is an extension of that of G. □ 



Proof of Claim \5.11.1\ To prove our Claim, it suffices to prove that the restriction 
oiWxLG^WxL BH — )■ BH to W^ x^ G" factors through the second projection 
W Xl G' —7- G". To see this reduction, it is enough to show that the morphism 
: W Xl G' — )■ BH uniquely extends to a morphism W Xl G ^ BH, and any 
morphism ip : G' ^ BH uniquely extends to a morphism G — )■ BH . To see this, set X 
and J are the ideals of Cvkx^g ^'^^ ^G determined by H^ x^ G" and G' respectively, 
and assume that X^ = and J^^ = 0. By the deformation theory ^% Theorem 
1.5], it suffices to check Ext°(L0*LBH/SpecL,X) = Ext^{L(j)*LBH/SpecL,I) = and 
Ext^{Lilj*LBH/SpccL,J) = ^^^^{Lip*\-BH/SpecL,J) = 0. Noticc that (f) and i/j are flat. 
(Any morphism X — )■ BH factors through the natural projection Spec L — )■ BH after 
replacing X with some fppf cover X' — )■ X.) Thus by the same argument in the proof 
of Lemma EH it suffices to see that \-bh/ Spec l is of perfect amplitude in [1]. It follows 
from Remark 15.51 (i) . 

Next observe the morphism W Xl G -)■ W Xy^ Xu = W Xl BH. Let {oj,g) be 
a T- valued point oi W Xl G, where u : T -^ W and g : T ^f G. Considering the 
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cartesian diagram 



WxlG 



W Xy^ Xu 



W 



X, 



u 



where the top horizontal arrow is the action of G, we see that the image of {uj,g) is 
described by 

{cu e W{T),gco e XuiT),ge lsgmy^^^{co,g-u){T)} 

where u and glo denote the images of u and gu in yu respectively, and for any / : 
T' ^ T we identify lsomy ^.rr(u,qu)(T') with {g' G G{T')\ g'{f*u) = f*{guj)}. Thus 
we have the diagram 



V 



Isom 



.Xu,T 



-^ Isom 



■yu,T 



[uj,guj) 



[uj,guj) 



^GxlT 



where the square is cartesian, and the lower right horizontal arrow is a closed immer- 
sion. The principal if -bundle V corresponds to the image oi W x^G ^ W x^ BH — )> 
BH. Suppose g G G'{T). Let Isom ^;^, y(cu, goj) := Isom j,^, y(cu, goj) xg^^T {G' XlT) 
and Isom V^.yfg;, gu) := Isom y^.y feu, guj) Xisoj^^^ ^(<^^g-^) Isoniy^ ^(a;, gu). Here we claim 
that Isom ^y^, yfcu, gco) — )■ Isomy^ ^(w, gZj) can be identified with the principal if-bundle 
Isom j;^, yfg), qu) X(^Q,y.^rp) {G' x^T) — > Isom j,^, yfcu, quj). In particular, V depends only 
on g E G'{T). To this end, we first consider the case when g : T ^ G' extends to 
g : T ^ G' and uj = gu in Xu. If Stab'fw) := \sova! y^, ^{u , u) C G' x^ T, then 
Isom j;^, yfg;, quj) is g • Stab'fw) in G' x^ T. Thus if G' acts on W via G' — )> G' and 

Stab'fw) denotes the stabilizer group scheme of u with respect to the action of G' , then 
the inverse image of Isom ^;^, yfo), qu) in G" x^T is ^-Stab'fcj). By our assumption and 



XuA'^) Xisom-^^_j,(<i,,<i.)Isomy^ .j.(w, u) over 



the second setup (iii), we have Stab'(a;) = Aut; 

T. In the general case, take an etale surjective morphism T' — )■ T so that T' ^ T ^^ G' 
extends to g : T' ^ G' and w\t' — gw\T' in Xjj. Then by the previous case and the 
descent theory, there exists a dotted closed immersion 



Isom'- 



pri 



■Xu,T'XTT'[^\T'XTT',g(^\T'XTT') 



pr2 



J Isom V T'i^W', goj\T') *- IsomV ^(w, gu) 



G' Xl{T' XtT') 



pri 



pr2 



^G' XlT 



^G'xlT, 



where the left and central vertical arrows are pullbacks of 

Isomy^y,x^7,,(w|T'xTT',fi'w|T'XTT') C G' Xl {T XtT') 

and lsom^y^^rp,(ijj\T',g'oj\T') C G" x^ T' respectively. This implies our Claim. 



n 
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Theorem 5.12. Let X he an algebraic stack locally of finite type over a perfect field. 
Then the open substack X^^ of GIT-like p-stable points has a coarse moduli map it : 
^gs _i. X , such that X is locally of finite type. Moreover, vr is universally closed 
and quasi-finite, which induces an isomorphism Ox -^ t^*Ox- If X' ^ X is a flat 
morphism, then the second projection X^^ Xx X' ^ X' is a coarse moduli map. 

Proof. Let Xq^ be the reduced algebraic stack associated to X^^. By Proposition l5.3l 
there exists a coarse moduh map ttq : Xq'^ — )■ Xq. Then by Proposition 15. 11[ any point 
on Xq has an etale neighborhood Uq -^ Xq, such that Xq^ Xxq Uq has the form [pyo/C], 
where Wq is an affine scheme which is finite over the affine scheme Uq, and G is a hnearly 
reductive group. By Lemma EH the etale deformation Xu — )■ X^^ of Xq^ x^^ f/g — )■ X^^ 
to X^^ has the form [VT/G]. Since G is linearly reductive, thus 

TiXu, Oxu) = nw, Owf -> r(A'|^ XX, Uq, 0^-x,„c/o) = r(W^o, Owof 

is surjective. Applying Lemma [4. 13 1 we conclude that the nilpotent deformation X^^ — )■ 
X^^ has the property (L) in section 4. Therefore according to Proposition 14.5^ X^^ has 
a coarse moduli map. By the construction, it is clear that vr is universally closed and 
quasi-finite. The last assertion also follows from Proposition 14.51 □ 

From Proposition 14. 5[ Theorem I5.12[ Lemma 15. 4[ Proposition 15. 6^ we deduce 

Corollary 5.13. Let X be an algebraic stack locally of finite type over a perfect field. 
Let 71 : X^^ —^ X be a coarse moduli map. Then every point on X admits an etale 
neighborhood f/ — )■ X such that X^^ Xx U ^ U has the form [W/G] where W is finite 
over U, and G is a linearly reductive group acting on W over U. More precisely, U is 
an affine scheme over a finite (separable) extention k' D k of fields and G is a linearly 
reductive group over k' , which acts on W over U so that the quotient stack [W/G] is 
isomorphic to X^^ Xx U over U. 

Remark 5.14 (Isovariant etale). Corollary 15.131 says that GIT-like stable point is 
approximated by a quotient stack via an etale morphism [VT/G] — )■ X (with the above 
notation). Moreover, [VT/G] — )■ X preserves the structures of automorphisms. More 
precisely, if /[PF/G] -)■ [W/G] and IX ^ X denote the inertia stacks of [W/G] and X 
respectively, then the natural morphism J[11/^/G] — t- IX Xx [W/G] is an isomorphism. 
It is quite useful. For instance, generalizing Thomason's descent theory ([36j) Joshua 
developed the isovariant etale descent theory for G-theory on algebraic stacks ( [2T| 
Section 5]). Informally, an isovariant etale morphism of algebraic stacks is an etale 
morphism which preserves the structures of automorphisms (cf. [2T1 DEFINITIONS 
3.1 (iii)]), and the notion of isovariant etaleness is crucial for the descent theory of 
G-theory. Note that the above morphism [W^/G] — )■ A* is isovariant etale. Moreover, 
under the stable condition (see Definition 15.151 , Remark I5.16p . one can reduce G- 
theory of algebraic stacks to equivariant G-theory, that is, the case of an affine scheme 
provided with the action of a reductive group. Since this topic is beyond the scope of 
this paper, we will discuss these issues and applications in another paper. 

Motivated by Theorem 15.121 and Corollary I5.13[ we propose a class of Artin stacks. 

Definition 5.15. Let X be an algebraic stack locally of finite type over a perfect field 
k. We say that X is of GIT-like stable type over k (or simply stable algebraic stack 
over k) if X^'^ = X. In other words, X is of GIT-like stable type if the automorphism 
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groups of all closed points are linearly reductive and any closed point admits an open 
neighborhood U G X, such that the inertia stack IUq of the reduced stack associated 
to U has a closed subgroup J-q that satisfies: 

(i) J-Q is smooth and affine over Uq, and all geometric fibers are connected, 
(ii) the quotient IUq/J-'o is finite. 



Remark 5.16. By Remark I5.2[ in the case of characteristic zero X is of GIT-like 
stable type if and only if the foUowings hold: (i) the automorphism group of every 
geometric point on X is reductive, (ii) if Xj-^d denotes the reduced stack associated to 
X then the inertia stack IXj-^^ is Zariski locally equidimensional over A'red? (hi) the 
identity component of /A'red is affine over X^^d, and (iv) the quotient of /A'rcd by its 
identity component is finite over A'red- (See Theorem 16.91 ) 



In virtue of the works of Inaba [20] Lieblich [25j and Toen-Vaquie |38j, we have 
the moduli Artin stack 1)p{X) of objects in the derived category of perfect complexes 
(satisfying a certain condition) on a proper fiat scheme X. Also, the general result of 
[55] yields the moduli stack of complexes of representations of a finite quiver. Recent 
developments on derived category reveal the importance of these moduli stacks. On 
the other hand, we would like to call attention to the fact: one cannot interpret these 
stacks as quotient stacks (at least a priori since abstract approaches are applied). It 
would be interesting to apply our GIT-like p-stability to these stacks. We hope to 
come back to this topic in a future work. 

6. Comparing with Mumford's Geometric Invariant Theory 

By an algebraic scheme over a field k we mean a scheme locally of finite type and 
separated over a field k. In this section, we assume that the base field k is algebraically 
closed of characteristic zero except Theorem 16. 91 In this section we discuss the relation- 
ship between our GIT-like p-stability and Geometric Invariant Theory due to Mumford 
([30]). Moreover, we prove Theorem iBl 

Let X be an algebraic scheme over k. Let G be a linearly reductive group scheme 
over k. (An algebraic group over k is linearly reductive if and only if it is reductive.) 
Let cr : G x^, X — i- X be an action on X. Let X(Pre) C X be the open subset of X, 
consisting of pre-stable points in the sense of [301 Definition 1.7]. The main purpose 
of this section is to prove: 

Theorem 6.1. Let [X{PTe)/G] be the open substack of [X/G], associated to X(Pre). 
Let [X/G]^^ be the open substack consisting of GIT-like p-stable points on [X/G]. Let 
S be the maximal open substack of [X/G], admitting a coarse moduli space that is a 
scheme. Then 

[X(Pre)/G] = [X/G]^'nS. 

Remark 6.2. We would like to invite your attention to some of the advantages of our 
approach. First of all, as in Keel-Mori theorem coarse moduli are allowed to be alge- 
braic spaces (rather than schemes). It makes the framework more amenable. Moreover, 
contrary to Geometric Invariant Theory our approach does not rely on global quotient 
structures (cf. Remark I5.16p . It is important for several reasons. First, in practice 
it is hard to prove that a give algebraic stack is a quotient stack. In addition, alge- 
braic stacks do not necessarily have such structures (see [171 section 2]). Secondly, 
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as mentioned at the close of section 5, nowadays we often use abstract methods for 
constructing algebraic moduli stacks, such as Artin's representability theorem, and 
Geometric Invariant Theory is not applicable to stacks constructed by such abstract 
methods. For example, Lieblich applied the Artin's theorem to the constructions of 
moduli stacks of twisted sheaves ([26]) and complexes ([25]), and Olsson used the the- 
orem in the work on Hom stacks (pi]). Also, Lurie proved an amazing generalization 
of Artin's representability theorem to derived algebraic geometry ([28]). 



Remark 6.3. According to Theorem 16. ![ we may say that in a sense the notion of 
GIT-like p-stability is an intrinsic generalization of pre-stability, that is, the "local 
part" of Geometric Invariant Theory. 

By the theory of good moduli spaces [SJ Theorem 6.6], the geometric quotient 
of X(Pre) by G in the sense of Definition 0.6 of [SO] is a coarse moduli space for 
[X(Pre)/G]. (We will recall the notion of good moduli spaces introduced by Alper in 
section 7.) Thus [X(Pre)/G] C S. Namely, [X(Pre)/G] = [X(Pre)/G] n 5. 

We first show [X{Vie)/G] C [X/Gf\ Note that if [X(Pre)/G] is contained in 
[X/G]g^ then [X(Pre)/G] C [X/Gf^^nS. 

Proposition 6.4. Any dosed point on [X{Pie)/G] is a GIT-like p-stable point. 

To prove this Proposition, we may and will assume that X is affine, and the action 
of G on X is closed (cf. [301 Definition 1.7]). 

Lemma 6.5. Let p be a closed point on X(Pre). Then the stabilizer group is (linearly) 
reductive. 

Proof. According to Matsushima's theorem (cf. [271 P^ge 84]), an orbit is affine if 
and only if the stabilizer is reductive. Since every orbit in X(Pre) is a closed set in an 
affine open set, thus our claim follows. □ 

Let Xq be the reduced affine scheme associated to X. The base field is perfect, and 
thus G Xfc Xq is also reduced. Therefore, the action on X induces an (closed) action 
ctq : G Xfc Xq — 7- Xq. Let Stab — )■ Xq be the stabilizer group, which is defined to be the 
second projection (Gx^Xq) Xx^x^Xo^o ^ ^o, where (a^prs) -.Gx^Xq^Xq x^Xq, 
and Xq — )• Xq x^ Xq is the diagonal map. Let J-" be the identity component of Stab. 
Note that J-" — )■ Xq is Zariski locally equidimensional (cf. [301 page 10]) and geometric 
fibers are connected and smooth because the base field is characteristic zero. Then by 
[m VIb Corollarie 4.4], J-" — > Xq is a smooth open normal subgroup of Stab. Note 
that the inertia stack I[Xq/G] — )■ [Xq/G] is described by 

[Stab/G] ^ [Xo/G], 

where G acts on Stab C Gx^Xq by {h, x) i— )■ {ghg~^, gx) for any (/i, x) G Stab C Gx^Xq 
and any g & G. Thus F descends to an open subgroup stack [J^ /G] — )■ [Xq/G] of the 
inertia stack. Moreover, the affineness of Stab over Xq together with the following 
Lemma [6.61 implies that J-" is affine over Xq. 

Lemma 6.6. The quotient Stab/ J-" is finite over Xq. 

Proof. Let x G Xq be a closed point on X. Let Gx be the stabilizer group of x. 
The etale slice theorem of Luna ([321 page 96]) says that there exist a locally closed 
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affine Ga;-invariant subscheme V C Xq containing x, and the commutative diagram 

(V X G)/G, [V/G,] Z 



Xo ^[Xo/G] — -r, 

where all squares are cartesian, all vertical arrows are affine and etale, and Z (resp. 
Y) are geometric quotients of V (resp. Xq) by Gx (resp. G). Here ii V = Spec A 
and Xq = Spec 5, then Z = SpecA*^^ and Y = Speci?*^, and (V x^ G)/Gx is the 
quotient of \^ x^ G by the action of G^ determined by h ■ {v, g) = {hv, gh^^). Using the 
diagram, we want to reduce the problem to [V/G^]. Let Staby -^ V he the stabilizer 
group scheme of the action of G^ on V . Since Staby is equidimensional, thus Staby 
contains G° ^kV , where G° is the identity component of Gx- To see that Stab/J-" 
is finite over Xq, it suffices to show that Staby/(G° ^kV) is finite over V . We can 
consider the action of Gx on V to be the action of the finite group Gx '■= GxlG\. Then 
it follows from [301 Proposition 0.8] that the action of Gx on V is proper. In particular, 
Staby/(G° Xfc \/) is finite over V . This completes the proof. □ 



Proof of Proposition 6.4 By Lemma [6.5[ every closed point on [X(Pre)/G] has a 



(linearly) reductive automorphism group. Let x G [X/G] = [X(Pre)/G] be a closed 
point. Take a closed point x' G X lying over x. Let Ox,x' be the completion of local 
ring Ox,x' at x'. Then Spec Ox,x' -^ l^/G] is an effective versal deformation for x. 
And by Lemma 16. 6[ the restriction of the subgroup scheme J-" to Spec Ox,x' yields (b) 
in Definition 15.11 □ 



Next we will show the converse: 

Proposition 6.7. We have [X(Pre)/G] D [X/Gj^'^nS. 

Proof. We say that a point x G X is regular if it admits an open neighborhood 
on which stabilizers have constant dimension. Let X''^^ denote the open set of regular 
points. Clearly, [X/GJ^*^ C [X^'^^/G]. Let V C X be the open subset consisting 
of points lying over [X/G]^^. Let v : V -^ [X/G]^^ be the natural projection. Let 
p : [X/G]s^ — )• Z be a coarse moduli map. Let z' G [X/G]^*^ be a closed point and z 
the image in Z. Suppose that z has a Zariski open neighborhood which is a scheme. 
We will show that z has an affine neighborhood T such that v~^p~^{T) is an affine 
scheme. By Corollary I5.13[ there exists an etale neighborhood f/ — > Z of z, such that 
[X/G]^^ Xz U -^ U has the form [PF/if] — t- U where W is affine over an affine scheme 
U, and if is a linearly reductive group over k. Then [VT/if] — )■ BH Xk U is affine, 
and BH x^^U ^ U gives rise to an exact push forward functor from the category 
of quasi- coherent sheaves on BH x^U io that of quasi- coherent sheaves on U . If T' 
denotes the image of f/ — ?■ Z, then we can conclude that [p o v)^ is an exact functor 
from the category of quasi-coherent sheaves on v~^p~^{T') to that of quasi-coherent 
sheaves on T' . Thus v~^p~^{T') — )■ p~^{T') — )■ T' is an affine morphism (notice that 
V -.V ^ [X/GY^ is a principal G-bundle, in particular an affine morphism) . Take an 
affine neighborhood zeT cT. Then v-^p'\T) is affine. Since [X/Gf' C [X'^^/G], 
the action on v^^p^^(T) is closed by [30l page 10, line 19-20]. This implies our claim. 

D 
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Proof of Theorem \6.1\ Proposition 16.41 and 16.71 imply our claim. D 

Remark 6.8. In the proof of Proposition 16.41 we can find the filtration as in Defini- 
tion 0(b). 

In the proof of Lemma 16.51 and 16. 6[ we observed the closed action of a (linearly) 
reductive group on an afiine scheme. From the observation, we have the following 
characterization: 

Theorem 6.9. Let X he an algebraic stack locally of finite type over a field k of 
characteristic zero. Then X is stable algebraic stack (Definition \5.15\ and Remark \5.16\) 
if and only if the following conditions hold: 

(i) There exists a coarse moduli map tt : X ^ X , such that X is locally of finite 

type. For any Stale morphism X' -^ X of algebraic spaces, the second projection 

X Xx X' ^ X' is a coarse moduli map. 
(ii) For any point x E X , there exists an Stale neighborhood U ^ X , a finite 

extension of k' D k fields, and a (linearly) reductive group G over k' , such that 

U is an affine k' -scheme and XxxU has the form [W/G], where W is a scheme 

that is affine over U and G acts on W over U . 

Proof. The "only if" direction follows from Theorem 15.121 and Corollary 15.131 We 
next prove the "if" direction. Taking into account Remark 15.21 (iii) we may and will 
assume that the base field is algebraically closed. As noted above, by Lemma 16.51 
and 16.61 it suffices to show that if [H^/G] —> U is a. quotient stack as in (ii), then the 
action of G is closed. Since [VT/G] -^ U is a coarse moduli map, the action of G on VT 
is closed, that is, every orbit is closed. This completes the proof. □ 

Remark 6.10. Perhaps one wish to have a necessary and sufficient condition for 
the existence of a coarse moduli space. However, if one removes the condition (ii) 
Theorem 16. 9 [ then there are pathological examples even in the case of Deligne-Mumford 
stacks (that have only quasi- finite inertia stacks). For instance, it happens that a 
Deligne-Mumford stack which does not have finite inertia stack, has a coarse moduli 
space. Let A(|- be a complex affine line and / : A^ U Aj^ — )■ A^ the fold map. Removing 
one point q from /~^(0), we obtain a flat group scheme g = /|g : G = {A^LJA^\g} — )■ 
A^ over Aj., such that g^^{p) consists of two points (resp. one point) if p 7^ (resp. 
p = 0). Let BG be the classifying stack of G over A^ . Then the inertia stack is quasi- 
flnite over BG but not flnite over BG. However, Aj. is a coarse moduli space for BG. 
We can not apply Keel-Mori theorem to BG, and in particular BG^^ does not coincide 
with BG. The point is that BG does not satisfles (ii) in Theorem 16. 9[ 

Furthermore there exists a Deligne-Mumford stack which does not admit a coarse 
moduli space. Such an example can be found in Example 7.15 of [35]. 

Remark 6.11. Strong p-stability can differ from Mumford's theory. We will present 
the simple example which illustrates it. Let Pj^ be the projective sphere over the 
complex number fleld C. Let G = PGL(2,C) be the algebraic group that is the 
automorphism group of Pj^ over C The algebraic group G acts on Pj^ in the natural 
manner. Every affine open set U on Pj^ is not G-invariant, that is, G{U) 7^ U. Thus 
every point on P^ is not pre-stable in the sense of Geometric Invariant Theory. In fact, 
the stabilizer group is unipotent. Let Stab — )■ Pj. denote the stabilizer group scheme 
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over Fj^. Then we can easily see that Stab — )■ P^^ is flat. Therefore, every (and only one) 
closed point on [Pc/C] is strong p-stable in our sense. In this case, the coarse moduli 
space is SpecC. In general, algebraic stacks which have non-reductive (and positive 
dimensional) automorphisms are complicated. For instance, by Nagata's example the 
finite generation of invariant rings does not hold. 

7. Application 

In this section, we discuss the finiteness of coherent cohomology as an application. 

Proposition 7.1. Let X be a stable algebraic stack locally of finite type over a perfect 
field. Let -k : X ^ X be a coarse moduli map. Let J^ be a coherent sheaf on X . Then 
Rtt^J^ is a coherent sheaf on X , and RttIJ^ = for i > 0. 

Proof. Our claim is etale local on X. Thus by Corollary 15.131 we may assume 
that A* — )■ X is of the form [W^/G] — ?■ U, where W = Spec B is finite over an afiine 
scheme U = Spec A, and G is a linearly reductive group. A coherent sheaf J^ on [IV/G] 
amounts to a finite -B-module M which is equipped with a G-action commuting with 
the action on B. The direct image vr^J-" corresponds to M'^. Thus the rule J-" i— )■ tt^J-" 
is an exact functor because G is linearly reductive. Hence RnlF = for i > 0. It 
remains to prove that Rii^J^ is a coherent sheaf ot\. X. It is enough to show that M"-^ 
is a finite A-module. Note that M is a finite A-module, and M"^ is a sub A-module. 
Since A is noetherian, M'^ is a finite A-module. □ 

Theorem 7.2. Let X be an algebraic stack locally of finite type over a field k. Let 
k D k be an algebraic closure, and suppose that X x^k is a stable algebraic stack over 
k and its coarse moduli space X is proper over k. Let J^ be a coherent sheaf on X . 
Then the cohomology group W{X.,T) is finite dimensional for i > 0. 

Proof. We may assume that the base field is algebraically closed. Consider the 
composition Af — )■ X — )■ Spec fc, where vr is a coarse moduli map. Taking into account 
the finiteness theorem for algebraic space [231 IV Theorem 4.1] and Leray spectral 
sequence for the composition, it suffices to prove that R'a^T is coherent for all i. Thus 
our claim follows from Proposition 17. 1[ □ 

For example, it has the following direct corollary. 

Corollary 7.3. Let X be an algebraic stack of finite type over a field k. Suppose that 
X x^k is a stable algebraic stack, where k is an algebraic closure of k. If a coarse 
moduli space for X x^^k is proper over k, then X has a versal deformation (cf. [H 
Definition 4.1.1];. 

Proof. By the proof of [H section 4.2], it suffices to show the finiteness of coherent 
cohomology. Thus, our claim follows from Theorem 17.21 □ 

Remark 7.4. If X is proper over fc, the above corollary is due to Aoki (cf. [5^ Theorem 
1.3]). 

Remark 7.5. The finiteness theorem of coherent cohomology for proper algebraic 
stacks has been proved by Laumon and Moret-Bailly under some hypotheses (cf. p^ 
(15.6)]). Later, Faltings proved the finiteness theorem for general proper stacks via a 
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surprising method of rigid geometry (cf. [H]). Recently, Olsson-Gabber proved Chow's 
lemma for algebraic stacks and reproved the finiteness theorem (cf. [33j). 

We would like to stress that our theorem can be applied to algebraic stacks whose 
stabilizers are linearly reductive and positive dimensional. To compare our result with 
the previous theorems, consider a proper algebraic stack X — )■ Spec A. Then the 
diagonal X ^r X Xsp^cA'^ is proper. Practically, in many cases, the proper diagonal is 
a finite morphism. (In characteristic zero, it also implies that X is Deligne-Mumford.) 
Then if X has finite diagonal, then by Keel-Mori theorem X has a proper coarse moduli 
space X. Therefore we may summarize the above as follows: The finiteness theorem 
for proper stacks practically tells us that if an algebraic stack has finite diagonal and 
a proper coarse moduli space, then it has the finiteness of coherent cohomology. The 
main advantage of our finiteness result is that it is applicable to a certain class of 
algebraic stacks whose stabilizers are positive dimensional. 

Remark 7.6. Here we would like to relate our results with the notion of good moduli 
spaces introduced by Alper (^). Let us recall the definition of good moduli space: Let 
QCoh(Af) denote the abelian category of quasi-coherent sheaves on an algebraic stack 
X . Let / : A* — 7- X be a morphism to an algebraic space X. The morphism j : X -^ X 
is said to be a good moduli space for X if the foUowings hold: 

(a) / is a quasi-compact morphism and the push-forword functor 

/, : QCoh(A') ^ QCoh(X) 

is exact, 

(b) the natural morphism Ox — > f*Ox is an isomorphism. 

In [3|, many properties of good moduli spaces are systematically studied. It is worth 
remarking that by Theorem 15. 121 and Proposition 17. II a stable algebraic stack admits a 
good moduli space. (Notice that the proof of Proposition 17. II shows the condition (a).) 

Let X be an algebraic stack of finite type over a perfect field k. Suppose that 
X is of GIT-like stable type over k. Let vr : A" — )■ X be a coarse moduli map (cf. 
Theorem 15. 121) . The coarse moduli space X is an algebraic space of finite type over k. 
The remainder of this section is devoted to giving a criterion for the properness of X 
over fc, which is described in terms of X without making reference to X. We begin by 
considering the condition which assures that X is locally separated. 

Let p be a closed point on X . Since p is a GIT-like p-stable point, there exists 
an effective versal deformation ^ : Spec A ^ X such that if / denotes the ideal gen- 
erated by nilpotent elements of A, then there exists a normal subgroup scheme J-'g 
of Aut y gpp^ 4/j(^|sppr-4/f) — ^ Spec A// satisfying (b) in Definition 15.11 Let F be a 
functor on the category of Spec A// x^ Spec A/J-schemes which to any (/,(?) : T — )■ 
Spec A// Xfc SpecA/J associates the set of sections Isom yy(f*£, q*C]lTp{T^. Let X^ 

be the reduced stack associated to X. Let A^q — )■ X^^ be the rigidification associated 
to an algebraization of J-"^ after replacing A* by a neighborhood of p (see Proposi- 
tion 15. 3p . Let "p' be the image of p in ^Y — )■ A:'"^. Then the composite morphism 
Spec A// — !• Aq — ;• Xq'^ is an effective versal deformation for p' since Xq — )■ X^^ is 
smooth. By the construction of the rigidification (cf. Remark I A. Sp . the functor F is 
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represented by the natural morphism 

Spec A// x^rig Spec A// -)■ Spec A// x^ Spec A//. 

Now we prove: 

Proposition 7.7. Suppose that the functor F is proper over Spec A// Xj^ Spec A//. 
Then X^^^ is separated in a neighborhood of p' . 

Proof. Without loss of generality, we may assume that X is reduced. Namely, 
Xq = X and / = 0. It suffices to prove that there exists a smooth neighborhood 
U —7- X"^ of p', such that f/ is an affine scheme and f/ ^x^'^^ U ^ U x^ U is proper. 
To show this, we need the following Lemma. 

Lemma 7.8. Let X and Y be schemes locally finite presentation over a quasi-compact 
excellent scheme S. Let X ^ Y be a morphism over S. Let s be a closed point, and 
let R := Os,s be the completion of the local ring at s. Suppose that the morphism 
X Xs Speci? — )■ F X5 Speci? induced by Speci? -^ S is proper. Then there exists a 
neighborhood W C S of s such that the induced morphism X Xs W — )■ Y Xs W is 
proper. 

Proof. Let P be a functor on the category of 5'-schemes which to T — )■ 5* associates 
the set consisting of one element ifX x^T — )■ Y Xs T is proper, and associates the 
empty set if otherwise. By Theorem IA.21 we see that this functor is locally of finite 
presentation. Then applying Artin's approximation ([?]) we conclude that there exists 
an etale neighborhood U -^ S oi s, such that XxgU—^YxsU is proper. Let W be 
the image of U in S. It is an open set. By the descent theory, XxgW^YxgW is 
proper. □ 

We continue the proof of Proposition l7.7[ By Lemma [272| there exist an affine scheme 
U, a smooth morphism w : U ^ A""^, and a closed point u & U such that A = Ou,u and 
^ I Spec A — w I Spec A Consider the natural morphism U x ^ngSpec A — )■ f/x^Spec A over U. 
Then applying Lemma r78l to this diagram, we see that there exists a neighborhood V of 
u such that the restriction V^x_:^.rigSpec A — )■ V^x^Spec A is proper. (The algebraic space 
U X x^igSpec A is a scheme since it is quasi-finite and separated over f/x^Spec A (cf. [2H 
(A.2)]). Applying Lemma [7.81 to the morphism V x^^g U —^ V Xj.U over U again, we 
conclude that after shrinking the neighborhood V, the morphism V x^ng V ^^V x^V 
is proper. D 

Corollary 7.9. Let q be the image of p on the coarse moduli space. Under the as- 



sumption of Proposition \TS\ X is separated in a neighborhood of q. 

Proof. It follows from Keel- Mori theorem since by Proposition 17.71 X"^ has finite 
diagonal after shrinking X^^^. O 

We say that p satisfies the locally separated property if there exist an effective versal 
deformation ^ : Spec A -^ X ior p and a closed subgroup scheme J-"^ as above, such 
that F (see Proposition 17.71) is proper over Spec A/ 1 x ^ Spec A/ 1, where / is the ideal 
generated by nilpotent elements of A. From now on, we suppose that every point 
satisfies the locally separated property. Namely, according to Corollary 17.91 the coarse 
moduli space X is locally separated. Next we consider a criterion for X to be universally 
closed over k. 
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Proposition 7.10. The coarse moduli space X is universally closed over k if and only 
if X is universally closed over k, i.e., X satisfies a valuative criterion in [24, Theorem 
7.3]. 

Proof. The "only if" direction is clear since vr is a universally closed map. The "if 
direction follows from the easy fact: If X is universally closed over k, and A' — )■ X is 
surjective, then X — )■ Spec /c is a universally closed map. □ 

Finally, we consider a valuative criterion for the separatedness of X. 

Lemma 7.11. The coarse moduli space X is separated if and only if the image of 
diagonal map X -^ X Xj. X is closed. 

Proof. The diagonal X^Xx^Xisa quasi-compact immersion since X is locally 
separated. Thus, X is separated if and only if the image of X — )■ X x^ X is closed. 
Suppose that the image Z of diagonal map A' — )■ A' x ^ Af is closed. Then the the image 
of ^ in X Xfc X is closed. Indeed, the composite map A'x^Af— t-^Yx^X— T-Xx^Xis 
closed since A* — )■ X is universally closed. Conversely, assume that X is separated. Let 
Z be the image of diagonal X — )■ X x^ X. Since Af — )■ X is a coarse moduli map, thus 
the image of diagonal map X ^^ X X]^X set-theoretically coincides with the preimage 
of Z under A'x^A'— )-XXfcX. It follows that the image of diagonal map X ^ X XkX 
is closed. □ 

Proposition 7.12. The following conditions are equivalent: 

(i) X is separated over k. 

(ii) Let R be a valuation ring with quotient field K, and let a,/3 be objects in X{R) 
such that there is an isomorphism a\K — P\k- Then the fiber o/ Isomij(a,/3) 
over the closed point of R is nonempty. 

Proof. We first show that (ii) implies (i). Since X is locally separated, thus by 
Lemma 17.111 it is enough to prove that the image Z of the diagonal map IS. : X -^ 
X Xk X is closed. By |;24j, (5.9.4)], the underlying set of Z is a constructible set. It 
suffices to show that Z is stable under specialization. Thus it is enough to prove that 
if f is a generic point on X , and y' is a specialization oi y = A(f ), then there exists 
a point v' ^ X lying over y' . According to [2H (7.2)], there exist a valuation ring R 
with quotient field K, Spec K ^ X lying over f , and Spec R -^ X Xj. X such that the 
diagram 

Spec K s- X 



Spec R ^ X Xk X 

commutes, and the closed point of Speci? maps to y' under Speci? -^ X x^ X . Then 
applying the condition (ii) to Isom/j(Q;, /3) = Speci? ^(xy.kX) '^ ~^ Speci? we see that 
y' belongs to Z. 

We next show that (i) implies (ii). The image of (a,/3) : Speci? —^ X x^ X set- 
theoretically belongs to Z since Z is closed by Lemma [7. Ill Hence there exists a point 
s G Isomij(a, (3) lying over the closed point of Spec-R. □ 
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Remark 7.13. For stable algebraic stacks, it seems that three conditions: the locally 
separated condition, "universally closed condition" (cf. Proposition I7.10p and (ii) in 
Proposition 17. 121 are important. I like to think of three conditions as ^^virtual proper- 
ness" oi X. In other words, under these conditions, X behaves like proper in some 
contexts. For example, it is hopeful that the class of such properness provides a good 
setting in which one has a good theory of Riemann-Roch. 

Appendix 

Limit argument. Let So be a scheme (resp. quasi-separated algebraic space). Let I 
be a filtered inductive system in the sense of [6l section 1] or [291 Appendix A]. Let us 
consider functor 

/ —7- (quasi-coherent C^g-algebras) 
sending a to Aa- Let 

S = lim Sa 

be the associated projective system of schemes (resp. quasi-separated algebraic spaces) 
that are afiine over Sq. (By ^51 Appecdix A, Corollary 2] it is represented by a scheme 
(resp. quasi-separated algebraic space).) We would like to recall the some results of 
limits arguments in ^5\ IV (8.2)]. For our purpose, we need some assertions in the 
case of algebraic spaces, though the generalizations are straightforward. However, we 
could not find the appropriate literature, thus we decided that it is best to collect them 
here. 

Theorem A.l (cf. EGA IV (8.6.3)). Assume that Sq is a quasi- com,pact and quasi- 
separated algebraic space. Let Y d S he a closed subspace. Then there exist A G / 
and a closed subspace Yx C Sx such that S Xs^Yx = Y . Moreover, Yx C Sx is unique 
in the following sense: If there exists another closed subscheme Yy C Sy such that 
S Xs^, Yy = Y , then there exist \ -^ jj, and \' -^ jj, such that Yx Xs^ S^ = Yy Xs^, S^. 

Proof. Assume 5*0 is an quasi-compact and quasi-separated algebraic space. Let 
'S'o — ^ •S'o be an etale surjective morphism from a quasi-compact and separated scheme 
Sq. Considering the base changes {S'o x^^ Sa}aei the uniqueness follows from the case 
when S'o is a scheme. Next we will prove the existence. Let Xa := S'o Xsg Sa and 
X = So Xsq S. Let Pa '■ Xa — )■ S'o, and p : A — )■ S' be natural projections. Then there 
exist A G / and a closed subscheme Wx C Xa such that X Xx^ Wx = p~^(Y). Let 
Ra := Xa Xs^ Xa and R := X x s X . Since Xa is a quasi-compact and quasi-separated 
scheme, thus Ra is also a quasi-compact and quasi-separated scheme. Let pr^,pr2 : 
i?„ z4 Xa be the first and second projection respectively. (Here we abuse notation and 
omit the index "a".) It suffices to show that there exists some arrow A — >■ /i such that 
pr^\W^) = PT^\W^), where W^ = Wx Xx, X^. Since pi^\p-\Y)) = pT,\p-\Y)), 
the uniqueness pr^^{Wx) and pr2^{Wx) in the system {Ra}a&i implies that there exists 
\ -^ fi such that pr^^iW^) = pi2^{W^). Thus Wfj, descends to a closed subspace 
F^ C S'^ such that ^X5^ Y;, = F. D 

Theorem A. 2 (cf. EGA IV (8.10.5) (17,7.8)). Let Sq be a quasi-compact scheme. Let 
Xx andYx be schemes of finite presentation over Sx- Let Xx — > Yx be an Sx-morphism. 
Consider the following properties: (i) an isomorphism, (ii) a closed immersion, (Hi) 
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quasi-finite, (iv) finite, (v) affine, (vi) flat, (vii) smooth, (viii) proper, (ix) separated. 
If Xx Xg^ S ^ Yx y<Sx ^ ^^^ ^'^^ ^'^ more properties (i)-(viii), then there exists an 
arrow A — )■ /i such that Xx X5^ S*^ — )■ Yx Xs^ 5*^ has the same properties. Furthermore 
the similar assertion of (ix) for an algebraic space Xx holds. 

Proof. What we have to prove is the last statement. It suffices to show that X^ — )■ 
Xfj_ Xy^X^ is a closed immersion for some /x. Note that Xx — > Xx Xy^Xx is quasi-affine. 
Thus our claim follows from (ii) by descent theory. □ 

Proposition A. 3. Suppose that Sa is a noetherian scheme for any a & I. Let f : 

Xx — ;■ ^A be an algebraic space of finite type over Sx. Consider the following properties: 
(i) affine, (ii) flat, (Hi) finite, (iv) smooth. If X := Xx Xs^ S ^ S has one or more 
properties (i)-(iv), then there exists an arrow A — )■ /i such that X^ := Xx Xs^ S^ -^ S^ 
has the same properties. 

Proof. We ffist prove (ii). Let Wa — )■ X^ be an etale surjective morphism from a 
quasi-compact scheme Wa- Note that Wa — )■ Xa is a quasi-compact morphism since 
Xa is quasi-separated. By the descent theory, it is enough to show that there exists 
an arrow a — )■ /i such that Wa x^^ S'^ is flat over S^. Applying Theorem IA.2l to the 
projective system {Wa x^^ Sx}xei/a, we obtain (i). (Here I /a is the inductive system 
over a.) 

Next we prove (iv). Let [Ra = Wa x^^ Wa ^ Wa] denote the etale equivalence 
relation for Xa- Since A — )■ 5 is finite, in particular, separated, thus by Theorem I A. 2 1 
there exists an arrow a — )• /i such that (pr]^,pr2) : R^ — )■ W^ x^^ Wf^ is a closed 
immersion, that is, A^ is separated over S"^. Furthermore, again by Theorem I A. 2 1 we 
may assume that PV^ is quasi- finite over S"^, that is, A^ is quasi- finite over S^. Then 
by [211 (A.l)], Xfj_ is a scheme. Therefore we have (ii) by Theorem I A. 2 [ 

Next we prove (iii). According to Theorem I A. 2 1 (iii) we may assume that / is quasi- 
finite. There exists some n such that /^ is separated by Theorem I A. 2 [ Then by ****** 
A^ is a scheme. Therefore the scheme case implies (iii). 

Finally, we prove (i). Since A = A^ x^^ S* is affine of finite type over S, there exists a 
closed immersion 6 : A — )■ Spec S[ti, . . . ,tn]. It is enough to show that there is a closed 
immersion t^ : A^ — )■ Spec S'^[ti, . . . , t„] which induces l. Let [Rx = Wx Xx^ Wx ^ Wx] 
denote an etale equivalence relation for Aa. Using Proposition IA.5I and the etale 
equivalence relation, there exists A^ — )■ SpecS^fti, . . . ,tn] for some fi. Then by the 
above (iii) and Theorem IA.2I (ix). we may suppose that A^ — )■ Spec5'^[ti, . . . , t^] is 
quasi-finite and separated. In particular, we can assume A^ is a scheme. Now our 
claim follows from Theorem IA.2I (ii). D 

Proposition A. 4. Suppose that Sa is a noetherian scheme for any a & I . Let fx '■ 
Xx -^ Sx is a scheme of finite type over Sx. Suppose that all geometric fibers of 
Xx Xsa "S* — ^ 'S' are connected. Then there exists an arrow A — )■ /x such that all geometric 
fibers of Xx Xg^ 5^ — > 5^ are connected. 

Proof. Let E be the set consisting of points s G 5*^, such that f~^{s) is geometri- 
cally connected. By [151 IV, 9.7.7], the set E is a constructible set in Sx- Moreover, 
if a point s E Sx does not lie in the image of S* — ;■ Sx, then there exists A — )■ A' such 
that s does not lie in the image of Sx' — ?• 5'a. On the other hand, the image of S" — )■ S'a 



STABLE POINTS ON ALGEBRAIC STACKS 39 

is contained in E. Therefore, using noetherian induction argument, we easily see that 
there exists A — ?■ /i such that the image of S^ — ?■ Sx is contained in E. This completes 
the proof. □ 

Theorem A. 5 (cf. EGA IV (8.8.2)). Assume that Sq be a quasi-compact and quasi- 
separated schem,e. Let Xa be a quasi-compact schem,e and let Ya be a scheme of finite 
presentation over Sa- Let X^ = Xa x^^ S^ and Y^ = Y^ Xs^ S^. Let X = Xa Xs^ S 
and Y = YaXs^ S. Then the natural map 



A = limHoms,(AA, Fa) ^ Hom^lA, Y) 



is bijective. 



Proposition A. 6. Assume that Sq be a quasi-compact and quasi- separated scheme. 
Let Ga -^ Sa be a separated group algebraic space of finite presentation over Sa- 
Let Ha C Ga be a closed subspace such that H = Ha ^Sa S is a subgroup space of 
G = Ga y<Sa S. Then there exists an arrow a ^ fi such that H^ := Ha XSa ^tJ. ^■^ o, 
subgroup space of G^ = Ga XSa^fj.- If H is normal in G, then Ha XSa ^n co?t- be chosen 
to be normal. 

Proof. It suffices to show that there exists an arrow «—>■// such that H^ has the 
following properties: (i) the multiplication m : G^Xs^G^ ^ G^ induces H^ x 5^ H^ — )■ 
H^, (ii) the inverse i : G^ ^ G^ carries H^ to H^, (iii) the unit section e : S^ ^ G^ 
factors through H^. Let us consider the property (i). Let 

Ua ^^^Va 

P 

Ga X Sa Ga ^ Ga 

be a commutative diagram where Ua and Va are quasi-compact schemes and two verti- 
cal arrows are etale surjective morphisms. (Such a diagram exists.) It suffices to prove 
that after the base change by some arrow a — )■ /i the puUback p~^{H^ Xs^ H^) maps to 
q~^{H^). Since if is a subgroup of G, in particular GxsG ^ G induces H XsH ^ H, 
thus applying Theorem IA.5I to p~^{Ha Xs^ Ha) — )■ V^ <— q^^{Ha) we see that there 
exists an arrow a — )■ /i such that p~^{H^ x^^ H^) — )■ V^ factors through q~^{H^) C G^. 
By a similar argument, we may assume that H^ has also the property (ii). 
Next, consider the property (iii). Let 

Wa^^Va 
Sa ^ Ga 

be a commutative diagram where Wa and Va are quasi-compact schemes and two 
vertical arrows are etale surjective morphisms. It suffices to prove that after the base 
change by some arrow a — )■ /i the unit section Wf^ — )■ V^ factors through q~^{H^). 
Again by applying Theorem IA.5I to Wa — )■ V^ -(— q~^{Ha), we conclude that there 
exists an arrow a ^ n such that W^ — )■ V^ factors through q~^{H^) C G^. By what we 
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have proven, we conclude that there exists an arrow a — )■ /i such that H^ is a subgroup 
space of G^j. 

Finally, we will prove the last assertion. Consider the morphism 

: Ga X5^ Gq — 7- Ga 

which sends {gi,g2) to gig2gi^- A group subspace Ha is normal in Ga if and only 
if 4>{Ga XSa Ha) C Ha (scheme-theoretically). Thus by a similar argument using 
Theorem IA.5I to the above we easily see the last assertion. □ 



Rigidification. For the convenience, we would like to recall the rigidifications of 
algebraic stacks, that has been discussed by many authors (see for example [21], [1], 

mm)- 

Let A" be a quasi-separated algebraic stack locally of finite presentation over a quasi- 
separated scheme S. Let ^ be a closed subgroup stack in the inertia stack IX — )■ X, 
that is flat and of finite presentation over X. Namely, the multiplication IX Xx IX — )■ 
IX induces G Xx G ^ Q, the inverse IX — )■ IX sends Q to Q, and in addition the 
unit section X — t- IX factors through Q. Let V be an affine S'-scheme. Let ^ G X{V) 
be an object and V ^ X the corresponding morphism. It gives rise to a natural 
morphism h : Aut y y(^) — )■ IX. The inverse image Q{^) := h~^{Q) C Aut y y(^) is 
a normal closed subgroup. (Every automorphism o" : ^ — )■ ^ gives rise to an inertia 
automorphism Aut y yj^) — )■ Aut y y(^) and it sends h~^{Q) to h~^{Q). Thus Q{^) is 
normal.) 

Theorem A. 7. There exist an algebraic stack y locally of finite presentation and a 
morphism f : X ^ y such that: 

(i) f : X ^ y is an fppf gerbe. 

(ii) For any affine S -scheme V and any object C, G '^{V)> the homomorphism of 
group algebraic spaces 

Aut;,,^(O^Auty,v'(/(0) 

is surjective and its kernel is G{C,). 
(iii) Let V ^ y be a morphism from an affine scheme V and let C, G '^{V) be 

the corresponding object. Then there exists a natural isomorphism V Xy X = 

BvQ{^) over V, where ByQ{^) is the classifying stack of Q{^). 
(iv) Let g : X ^ W be a morphism of algebraic stacks such that for any object 

^ E X, Q{^) lies in the kernel of Aut y y(^) — )■ Auty^ y{g{^)). Then there exists 

a morphism /i : 3^ — t- W such that h o f is isomorphic to g. It is unique up to 

isomorphism. 
(v) y admits a coarse moduli space if and only if X has one. If they have, both 

coarse moduli spaces coincide. 
(vi) If X is a Deligne-Mumford stack, then y is so. 

Proof. Assertions (i), (ii) (iii) are proved in [21 (A.l)]. To see (iv), (v) and (vi), 
we should go back to the construction of y. Let y^ be the fibered category defined 
as follows. The objects of y are those of X. Let (p : V ^ V he a morphism of affine 
S'-schemes. For any ^' G X{V') and any C, G X{V), we define the set of morphisms 
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B.om.yp{C,', over V — )■ l^ to be the set of sections of the quotient 

where the action of Q{C,') is the natural faithful right action defined by the composition. 
Then it is not hard to show that y^ is a prestack. Let 3^ be a stack associated to the 
prestack y^. It is showed in [21 (A.l)] that y is an algebraic stack locally of finite 
presentation over S with properties (i), (ii) and (iii). By the construction of y^, 
clearly, the natural morphism X ^ y^ is universal for maps from X to prestacks, 
that kill Q{^) for any object C, & X. Since y is the associated stack, thus (iv) follows. 
The "if part" of (v) follows from (iv) and (i). (Note that for any algebraically closed 
S'-field K, X -^ y induces a bijective map X{K)/ ~— )■ y{K)/ ~. Here ~ means 
"up to isomorphism".) The "only if" part also follows from (iv). The last assertion 
in (v) is clear. To see (vi), notice that for each object ^ G X{V) the group space 
Aut y yiC) — )■ V^ is unramified because A" is a Deligne-Mumford stack (cf. [211 (4-2)]). 
For each object C, G X{V), Q{^) is flat and thus Q{^) is etale over V. By (iii), we see 
that X ^ y is etale. Hence 3^ is a Deligne-Mumford stack. D 

Remark A. 8. The morphism X ^ y is characterized by the universal property in 
(iv). We refer to this morphism as the rigidification of X (or rigidifying morphism) 
with respect to Q. If objects ^, "Z] G y{V) arise from X{V), then the above proof reveals 
that there exists an isomorphism 

Also, the algebraic space on the right side is isomorphic to Q{ri) \ Isom y yiCy)- 
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